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FOURIER-MUKAI TRANSFORMS OF SLOPE STABLE TORSION-FREE SHEAVES AND STABLE
1-DIMENSIONAL SHEAVES ON WEIERSTRASS ELLIPTIC THREEFOLDS
JASON LO
ABSTRACT. We focus on a class of Weierstraß elliptic threefolds that allows the base of the fibration to be
a Fano surface or a numerically K-trivial surface. In the first half of this article, we define the notion of
limit tilt stability, which is closely related to Bayer’s polynomial stability. We show that the Fourier-Mukai
transform of a slope stable torsion-free sheaf satisfying a vanishing condition in codimension 2 (e.g. a
reflexive sheaf) is a limit stable object. We also show that the inverse Fourier-Mukai transform of a limit
tilt semistable object of nonzero fiber degree is a slope semistable torsion-free sheaf, up to modification in
codimension 2.
In the second half of this article, we define a limit stability for complexes that vanish on the generic
fiber of the fibration. We show that one-dimensional stable sheaves with positive twisted ch3 correspond to
such limit stable complexes under a Fourier-Mukai transform. When the elliptic fibration has a numerically
K-trivial base, we show that these limit stable complexes are the stable objects with respect to a Bridgeland
stability on a triangulated subcategory of the derived category of coherent sheaves on the threefold.
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1. INTRODUCTION
Given the derived category of coherent sheaves Db(X) on a smooth projective variety X and an
autoequivalence Φ of Db(X), the natural and fundamental question of how Φ acts on slope stability
or Gieseker stability for sheaves on X has been studied in a multitude of works. On threefolds,
there is Friedman-Morgan-Witten’s spectral cover construction of stable sheaves on elliptic threefolds,
which involves applying Fourier-Mukai transforms to stable sheaves supported on hypersurfaces (the
‘spectral covers’), i.e. rank-zero stable sheaves [32]. In Bridgeland-Maciocia’s work [9], where they
established the existence of Fourier-Mukai transforms on Calabi-Yau fibrations of relative dimension
at most two, they showed that any connected component of the moduli of rank-one torsion-free
sheaves on an elliptic threefold is isomorphic to a moduli of higher-rank Gieseker stable sheaves via
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a Fourier-Mukai transform. In light of the connection between the Bridgeland stability manifold and
mirror symmetry [8, 7], it has also become important to understand the action of autoequivalences
on Bridgeland stability conditions. More recently, the action of autoequivalences on specific moduli
spaces of stable objects (e.g. stable pairs in the sense of Pandharipande-Thomas) has also proved
relevant to understanding the structures of Pandharipande-Thomas (PT) invariants and Donaldson-
Thomas (DT) invariants on elliptic threefolds, including their modularity [27, 11]. Since slope stable
torsion-free sheaves are basic building blocks of other stable objects such as Bridgeland stable objects
and PT stable pairs on the level of cohomology, we study the Fourier-Mukai transforms of slope stable
torsion-free sheaves on elliptic fibrations in the first half of this article.
Throughout this article, we focus on a class of elliptic threefolds p : X → B that are Weierstraß,
where X is K-trivial, along with the Fourier-Mukai transform Φ : Db(X)
∼
→ Db(X) given by the
relative Poincaré sheaf. Our first main result is Theorem 6.2, which says that any slope stable torsion-
free sheaf satisfying a vanishing condition in codimension 2 is taken by Φ to a limit tilt stable object,
while a limit tilt semistable object is taken by the quasi-inverse of Φ to a slope semistable torsion-free
sheaf up to modification in codimension 2. In particular, the aforementioned vanishing condition
is always satisfied by a torsion-free reflexive sheaf (see Corollary 6.7). Since a torsion-free sheaf F
differs from its double dual F ∗∗ - which is reflexive - only in codimension 2, we can also think of the
first part of Theorem 6.2 as saying, that every slope stable torsion-free sheaf is taken to a limit stable
object up to modification in codimension 2.
Limit tilt stability is constructed by varying the polarisation that appears in the definition of tilt sta-
bility on the threefold X . Strictly speaking, limit tilt stability is ‘asymptotically’ a polynomial stability
in the sense of Bayer [3]. Tilt stability on threefolds is a stability for 2-term complexes of coherent
sheaves, and is an intermediary between slope stability and Bridgeland stability. A prevalent construc-
tion of Bridgeland stability conditions on threefolds hinges on a Bogomolov-Gieseker type inequality
for tilt stable objects - this is a very active area of research [4, 35, 24, 33, 22, 23, 5, 17, 28, 6, 16, 29,
25].
On the other hand, the moduli spaces of stable sheaves with 1-dimensional supports on threefolds
X (also referred to as 1-dimensional sheaves in the literature), as well as the action of autoequiv-
alences of Db(X) on these moduli spaces, play an important role in connecting different types of
counting invariants on Calabi-Yau threefolds such as PT stable pair invariants and Donaldson-Thomas
(DT) invariants for ideal sheaves. They also arise naturally in describing the internal symmetries
within these invariants [11, 27, 34, 36]. Motivated by this, in the second half of this article, we
study Fourier-Mukai transforms of 1-dimensional stable sheaves with positive twisted ch3 on elliptic
threefolds. In Theorem 9.7, we show that the Fourier-Mukai transform Φ induces an equivalence of
categories, between the category of 1-dimensional stable sheaves with positive twisted ch3, and the
category of stable objects with respect to a stability denoted as Z lp∗D-stability. As in the case of limit
tilt stability, Z lp∗D-stability is ‘asymptotically’ a polynomial stability.
Intuitively, one can think of Z lp∗D-stability as a limit of ‘Bridgeland stability conditions for singu-
lar surfaces’. In fact, if one is willing to restrict to a triangulated subcategory Dbp,0(X) of D
b(X),
then when the base B of the elliptic fibration p is numerically K-trivial, Corollary 11.11 states
that the Fourier-Mukai transform Φ induces an equivalence of categories, between the category of
1-dimensional stable sheaves with positive twisted ch3, and the category of stable objects with respect
to a Bridgeland stability condition on Dbp,0(X).
Theorem 9.7 and Corollary 11.11 give alternatives to Diaconescu’s description of Fourier-Mukai
transforms of 1-dimensional stable sheaves in [11, Theorem 1.1]. In Diaconescu’s work, he considers
a Weierstraß elliptic threefold p : X → B where B is a Fano surface, and shows that the Fourier-
Mukai transform Φ induces an isomorphism between the moduli of 1-dimensional semistable sheaves
with positive ch3, and the moduli of adiabatically semistable 2-dimensional sheaves that vanish on
the generic fiber of p. The moduli of adiabatically semistable sheaves is both open and closed in
the moduli of Gieseker semistable sheaves, and constitute the entire moduli of Gieseker semistable
FOURIER-MUKAI TRANSFORMS OF STABLE SHEAVES ON WEIERSTRASS ELLIPTIC THREEFOLDS 3
sheaves when X admits a K3 fibration and the 2-dimensional sheaves are supported on the K3 fibers.
It will be interesting to describe the precise relations among the stabilities for 1-dimensional sheaves
considered in this article, adiabatic stability in Diaconescu’s work, and Gieseker stability.
1.1. The product case. In joint work with Zhang [21], the author considered the product threefold
X = C × B where C is a smooth elliptic curve and B is a K3 surface of Picard rank 1. The second
projection p : X → B is an elliptic fibration where all the fibers are copies of C, and hence are smooth,
while the Fourier-Mukai transform Db(C)
∼
→ Db(C) given by the Poincaré line bundle can be lifted to
a Fourier-Mukai transform Φ : Db(X)
∼
→ Db(X). In the predecessor [20] to this article, the author
proved a coarser version of Theorem 6.2 for the product threefold X = C ×B. In the present article,
more care is needed in dealing with technical issues such as a section of the fibration not being nef, or
that there are nontrivial contributions from the base of the fibration towards cohomological Fourier-
Mukai transforms. Therefore, even though the results in the preceding article [20] were less general,
because of the simpler notation in the product case, the exposition there provides a more illuminating
picture of the key ideas in this article.
1.2. Outline of the paper. In Section 2, we lay out the assumptions we place on our elliptic threefold
p : X → B, and review preliminary concepts that will be used throughout the paper. In Section 3, we
explain how a matrix notation for Chern characters makes it easier to understand the cohomological
Fourier-Mukai transform Φ; we also solve a numerical equivalence that is necessary for comparing
slope stability with tilt stability up to the autoequivalence Φ. In Section 4, we give the construction of
limit tilt stability. Section 5 includes computations of phases of various objects with respect to limit tilt
stability. In Section 6, we prove the main theorem in the first half of the paper, Theorem 6.2, which is a
comparison theorem between slope stability and limit tilt stability via the Fourier-Mukai transform Φ.
We end the first half of the paper with Section 7, in which we verify the Harder-Narasimhan property
of limit tilt stability.
The second half of the paper begins with Section 8, in which we restrict our attention to the
triangulated subcategory Dbp(X) of D
b(X) that consists of complexes E where every cohomology
sheaf Hi(E) vanishes on the generic fiber of p. Via an approach similar to the construction of limit
tilt stability, we define Z lp∗D-stability on the triangulated category D
b
p(X). In Section 9, we study the
Fourier-Mukai transforms of 1-dimensional stable sheaves with positive twisted ch3, and prove the first
main result of the second half of the paper, Theorem 9.7. This theorem states that the Fourier-Mukai
transform Φ identifies the category of such 1-dimensional sheaves with the category of Z lp∗D-stable
objects. The Harder-Narasimhan property of Z lp∗D-stability is shown in Section 10. Finally, in Section
11, we restrict further to a triangulated subcategory Dbp,0(X) of D
b
p(X) and construct a Bridgeland
stability condition on Dbp,0(X) which we call Zω,p∗D-stability. We end the article with Corollary 11.11,
which states that when the base B of the elliptic fibration p is numericallyK-trivial, the Fourier-Mukai
transform Φ identifies the category of 1-dimensional stable sheaves having positive twisted ch3 with
the category of Zω,p∗D-stable objects.
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2. PRELIMINARIES
2.1. Our elliptic fibration. Throughout this article, we will write p : X → B to denote a Weierstraß
threefold in the sense of [2, Section 6.2] where X and B are both smooth projective varieties. In
particular, this means that p is an elliptic threefold that is a Weierstraß fibration. By p being an elliptic
threefold, we mean that X is a threefold and B is a surface, while p is a flat morphism whose fibers
are Gorenstein curves of arithmetic genus 1; by p also being Weierstraß, we mean that all the fibers of
p are geometrically integral and there exists a section σ : B →֒ X such that the image Θ = σ(B) does
not intersect any singular point of the singular fibers. The smoothness of X implies that the generic
fiber of p is a smooth elliptic curve. The existence of a section ensures that the singular fibers of p can
only be nodal or cuspidal curves.
We will assume the following on our elliptic fibration p from Section 4 through the end of the
article:
(1) X is K-trivial, i.e. ωX ∼= OX .
(2) The cohomology ring over Q has a decomposition
(2.1.1) H2i(X,Q) = Θp∗H2i−2(B,Q)⊕ p∗H2i(B,Q).
(3) There exists an ample class HB on B satisfying:
(3a) There exists v′ > 0 such that, for all v > v′, the divisor Θ+ vp∗HB is ample on X .
(3b) KB ≡ hHB for some h ∈ R, i.e. the canonical divisor of B is numerically equivalent to
some real (possibly zero) multiple of HB.
We do not expect assumption (1) to be essential. Assumption (2) is needed for computing inter-
section numbers; in principle, however, it can be replaced by any explicit description of the structure
of the cohomology ring of X . Assumption (3) is the most crucial among the three, as it is needed for
comparing stability ‘before’ and stability ‘after’ applying the Fourier-Mukai transform.
We do not impose the vanishing H1(X,OX) = 0 as in the case of [2, Section 6.2.6] or [26, Section
5]. In particular, we allow the base B to be a K3 surface.
Example. Conditions (1) and (2) are assumed for the Calabi-Yau threefolds considered in [2,
Section 6.6.3], where only four possibilities of B are considered: B must be a Fano (i.e. del Pezzo)
surface, a Hirzebruch surface, an Enriques surface, or the blowup of a Hirzebruch surface. Condition
(3a) is satisfied for all these four possibilities of B (see [2, Section 6.6.3]), while condition (3b) is
satisfied when B is Fano (in which case HB can be chosen to be −KB and h = −1) or Enriques (in
which case KB ≡ 0 and h = 0).
Example. Conditions (1), (2) and (3) are all satisfied for the elliptic threefolds considered by
Diaconescu in [11]. In the article [11], it is assumed that (1) holds and that the base B of the
fibration is Fano, and so condition (3b) holds if we choose HB = −KB and h = −1. A decomposition
of the form (2) is proved for the torsion-free part of the cohomology ring over Z in [11, Lemma 2.1];
by considering the cohomology ring over Q, the torsion elements vanish and so condition (2) holds.
By [11, Corollary 2.2(i)], if we choose HB = −KB then condition (3a) holds for v
′ = 1.
Example. Conditions (1), (2) and (3) are all satisfied when X = C × S is the product of a smooth
elliptic curve C and a K3 surface S, and the fibration p : X → S is the second projection (i.e. p is
a trivial fibration) as in the case of the author’s previous work [20, 21]. In this case, condition (1)
clearly holds, condition (2) follows from [21, Section 4.2], condition (3a) follows from [21, Lemma
4.7] by choosing v′ = 0, while condition (3b) holds by taking h = 0 since KB = OB.
2.2. Notation. We collect here some notions and notations that will be used throughout the article.
2.2.1. Twisted Chern character. For any divisor B on a smooth projective threefold X and any
E ∈ Db(X), the twisted Chern character chB(E) is defined as
chB(E) = e−Bch(E) = (1−B + B
2
2 −
B3
6 )ch(E).
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We write chB(E) =
∑3
i=0 ch
B
i (E) where
chB0 (E) = ch0(E)
chB1 (E) = ch1(E)−Bch0(E)
chB2 (E) = ch2(E)−Bch1(E) +
B2
2 ch0(E)
chB3 (E) = ch3(E)−Bch2(E) +
B2
2 ch1(E)−
B3
6 ch0(E).
We refer to B as the ‘B-field’ involved in the twisting of the Chern character. In this article, there
should be no risk of confusion as to whether ‘B’ refers to a B-field or the base of our elliptic threefold
as in 2.1, as this will always be clear from the context.
2.2.2. Suppose A is an abelian category and B is the heart of a t-structure on Db(A). For any object
E ∈ Db(A), we will write HiB(E) to denote the i-th cohomology object of E with respect to the
t-structure with heart B. When B = A, i.e. when the aforementioned t-structure is the standard
t-structure on Db(A), we will write Hi(E) instead of HiA(E).
Given a smooth projective variety X , the dimension of an object E ∈ Db(X) will be denoted by
dimE, and refers to the dimension of its support, i.e.
dimE = dim
⋃
i
suppHi(E).
That is, for a coherent sheaf E, we have dimE = dim supp(E).
2.2.3. Torsion pairs and tilting. A torsion pair (T ,F) in an abelian category A is a pair of full
subcategories T ,F such that
(i) HomA(E
′, E′′) = 0 for all E′ ∈ T , E′′ ∈ F .
(ii) Every object E ∈ A fits in an A-short exact sequence
0→ E′ → E → E′′ → 0
for some E′ ∈ T , E′′ ∈ F .
The decomposition of E in (ii) is canonical [13, Chapter 1], and we will occasionally refer to it as the
(T ,F)-decomposition of E in A.
Whenever we have a torsion pair (T ,F) in an abelian category A, we will refer to T (resp. F) as
the torsion class (resp. torsion-free class) of the torsion pair. The extension closure in Db(A)
A′ = 〈F [1], T 〉
is the heart of a t-structure on Db(A), and hence an abelian subcategory of Db(A). We call A′ the
tilt of A at the torsion pair (T ,F). More specifically, the category A′ is the heart of the t-structure
(D≤0A′ , D
≥0
A′ ) on D
b(A) where
D≤0A′ = {E ∈ D
b(A) : H0A(E) ∈ T ,H
i
A(E) = 0 ∀ i > 0},
D≥0A′ = {E ∈ D
b(A) : H−1A (E) ∈ F ,H
i
A(E) = 0 ∀ i < −1}.
A subcategory of A will be called a torsion class (resp. torsion-free class) if it is the torsion class
(resp. torsion-free class) in some torsion pair in A. By a lemma of Polishchuk [31, Lemma 1.1.3], if A
is a noetherian abelian category, then every subcategory that is closed under extension and quotient
in A is a torsion class in A. The reader may refer to [13] for the basic properties of torsion pairs and
tilting.
For any subcategory C of an abelian category A, we will set
C◦ = {E ∈ A : HomA(F,E) = 0 for all F ∈ C}
whenA is clear from the context. Note that wheneverA is noetherian and C is closed under extension
and quotient in A, the pair (C, C◦) gives a torsion pair in A.
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2.2.4. Torsion n-tuples. A torsion n-tuple (C1, C2, · · · , Cn) in an abelian categoryA as defined in [30,
Section 2.2] is a collection of full subcategories of A such that
• HomA(Ci, Cj) = 0 for any Ci ∈ Ci, Cj ∈ Cj where i < j.
• Every object E of A admits a filtration in A
0 = E0 ⊆ E1 ⊆ E2 ⊆ · · · ⊆ En = E
where Ei/Ei−1 ∈ Ci for each 1 ≤ i ≤ n.
The same notion also appeared in Toda’s work [36, Definition 3.5]. Note that, given a torsion n-tuple
in A as above, the pair (〈C1, · · · , Ci〉, 〈Ci+1, · · · , Cn〉) is a torsion pair in A for any 1 ≤ i ≤ n− 1.
2.2.5. Fourier-Mukai transforms. For any Weierstraß elliptic fibration p : X → B in the sense of [2,
Section 6.2] whereX is smooth (which implies that B is Cohen-Macaulay [2, Proposition C.1]), there
is a pair of relative Fourier-Mukai transforms Φ, Φ̂ : Db(X)
∼
→ Db(X) whose kernels are both sheaves
on X ×B X , satisfying
(2.2.6) Φ̂Φ = idDb(X)[−1] = ΦΦ̂.
In particular, the kernel of Φ is the relative Poincaré sheaf for the fibration p, which is a universal sheaf
for the moduli problem that parametrises degree-zero, rank-one torsion-free sheaves on the fibers of
p. An object E ∈ Db(X) is said to be Φ-WITi if ΦE is a coherent sheaf sitting at degree i. In this
case, we write Ê to denote the coherent sheaf satisfying ΦE ∼= Ê[−i] up to isomorphism. The notion
of Φ̂-WITi can similarly be defined. The identities (2.2.6) imply that, if a coherent sheaf E on X is
Φ-WITi for i = 0, 1, then Ê is Φ̂-WIT1−i. For i = 0, 1, we will define the category
Wi,Φ = {E ∈ Coh(X) : E is Φ-WITi}
and similarly for Φ̂. Due to the symmetry between Φ and Φ̂, the properties held by Φ also hold for Φ̂.
The reader may refer to [2, Section 6.2] for more background on the functors Φ, Φ̂.
2.2.7. Subcategories of Coh(X). We fix our notation for various full subcategories of Coh(X) that
will be used throughout this paper. For any integers d ≥ e, we set
Coh≤d(X) = {E ∈ Coh(X) : dim supp(E) ≤ d}
Coh=d(X) = {E ∈ Coh(X) : dim supp(E) = d}
Coh≥d(X) = {E ∈ Coh(X) : HomCoh(X)(F,E) = 0 for all F ∈ Coh
≤d−1(X)}
Coh(p)≤d = {E ∈ Coh(X) : dim p(supp(E)) ≤ d}
Cohd(p)e = {E ∈ Coh(X) : dim supp(E) = d,dim p(supp(E)) = e}
Coh(p)0 = {E ∈ Coh(X) : dim p(supp(E)) = 0}
{Coh≤0}↑ = {E ∈ Coh(X) : E|b ∈ Coh
≤0(Xb) for all closed points b ∈ B}
where Coh≤0(Xb) is the category of coherent sheaves supported in dimension 0 on the fiber p
−1(b) =
Xb, for the closed point b ∈ B. We will refer to coherent sheaves that are supported on a finite number
of fibers of p as fiber sheaves; then Coh(p)0 is precisely the category of fiber sheaves on X .
2.2.8. Torsion classes in Coh(X). For any integer d, the categories Coh≤d(X),Coh(p)≤d,Coh(p)0 as
well as {Coh≤0}↑,W0,Φ̂ are all torsion classes in Coh(X). From 2.2.3, each of these torsion classes
determines a tilt of Coh(X), and hence determines a t-structure on Db(X). The behaviours of these t-
structures under the Fourier-Mukai transforms Φ, Φ̂ were studied by Zhang and the author in [18, 19,
21]. In particular, we have the torsion pairs (W0,Φ̂,W1,Φ̂) and (Coh
≤d(X),Coh≥d+1(X)) in Coh(X).
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2.2.9. Slope stability and tilt stability. Suppose X is a smooth projective threefold with a fixed
ample divisor ω and a fixed divisor B. For any coherent sheaf E on X , we define
µω,B(E) =
{
ω2chB
1
(E)
chB
0
(E)
if chB0 (E) 6= 0
+∞ if chB0 (E) = 0
.
A coherent sheaf E on X is said to be µω,B-stable or slope stable (resp. µω,B-semistable or slope
semistable) if, for every short exact sequence in Coh(X) of the form
0→M → E → N → 0
where M,N 6= 0, we have µω,B(M) < (resp. ≤)µω,B(N). The slope function µω,B has the Harder-
Narasimhan (HN) property, i.e. every coherent sheaf E on X has a filtration by coherent sheaves
E0 ( E1 ( · · · ( En = E
where each Ei/Ei−1 is µω,B-semistable and µω,B(E0) > µω,B(E1/E0) > · · · > µω,B(En/En−1).
For any coherent sheafM with ch0(M) 6= 0, we have
µω,B(M) =
ω2chB1 (M)
ch0(M)
=
ω2ch1(M)− ω
2Bch0(M)
ch0(M)
= µω(M)− ω
2B.
Hence µω,B-stability is equivalent to µω-stability for coherent sheaves.
The HN property of the slope function µω,B on Coh(X) implies that the subcategories of Coh(X)
Tω,B = 〈E ∈ Coh(X) : E is µω,B-semistable, µω,B(E) > 0〉,
Fω,B = 〈E ∈ Coh(X) : E is µω,B-semistable, µω,B(E) ≤ 0〉
form a torsion pair in Coh(X) and give rise to the tilt of Coh(X)
Bω,B = 〈Fω,B[1], Tω,B〉.
For any object F ∈ Bω,B, we set
νω,B(F ) =
ωch
B
2
(F )−
ω3
6 ch
B
0
(F )
ω2chB
1
(F )
if ω2chB1 (F ) 6= 0
+∞ if ω2chB1 (F ) = 0
.
An object F ∈ Bω,B is said to be νω,B-stable or tilt stable (resp. νω,B-semistable or tilt semistable) if,
for every short exact sequence in Bω,B
(2.2.10) 0→M → F → N → 0
where M,N 6= 0, we have νω,B(M) < (resp. ≤) νω,B(N). Tilt stability is a key notion in a now-
standard construction of Bridgeland stability conditions on threefolds [4].
When B = 0, we often drop the subscript B in µω,B, νω,B and Tω,B,Fω,B,Bω,B above; for instance,
we simply write µω instead of µω,0.
2.2.11. (Reduced) central charge. We will write
H = {reiθpi : r > 0, θ ∈ (0, 1]}
to denote the strict upper-half complex plane together with the negative real axis, and write
H0 = H ∪ {0}.
When X is a smooth projective threefold and ω is an ample divisor on X , we define the reduced
central charge Zω : K(D
b(X))→ C where
Zω(F ) =
1
2ω
2ch1(F ) + i
(
ωch2(F )−
ω3
6 ch0(F )
)
.
Then for any nonzero F ∈ Bω, we have Zω(F ) ∈ −iH0 [4, Remark 3.3.1]. We can also define the
phase φ(F ) of a nonzero object F in Bω by setting φ(F ) =
1
2 if Zω(F ) = 0, and requiring
Zω(F ) ∈ R>0e
iφ(F )pi where φ(F ) ∈ (− 12 ,
1
2 ]
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if Zω(F ) 6= 0. An object F ∈ Bω is then said to be Zω-stable (resp. Zω-semistable) if, for every short
exact sequence (2.2.10) in Bω, we have φ(M) < (resp. ≤)φ(N). Note that Zω-stability is equivalent
to νω-stability.
In the second half of this article, for any divisor B on X , we will also make use of the full (twisted)
central charge Zω,B : K(D
b(X))→ C given by
(2.2.12) Zω,B(F ) = −ch
B
3 (F ) +
ω2
2 ch
B
1 (F ) + i
(
ωchB2 (F )−
ω3
6 ch
B
0 (F )
)
,
which is used in the construction of Bridgeland stability conditions on select smooth projective three-
folds; modifications of this central charge have been used on other threefolds.
2.2.13. Slope-like functions. Suppose A is an abelian category. We call a function µ on A a slope-
like function if µ is defined by
µ(F ) =
{
C1(F )
C0(F )
if C0(F ) 6= 0
+∞ if C0(F ) = 0
where C0, C1 : K(A) → Z are a pair of group homomorphisms satisfying: (i) C0(F ) ≥ 0 for any
F ∈ A; (ii) if F ∈ A satisfies C0(F ) = 0, then C1(F ) ≥ 0. The additive group Z in the definition
of a slope-like function can be replaced by any discrete additive subgroup of R. Whenever A is a
noetherian abelian category, every slope-like function possesses the Harder-Narasimhan property [21,
Section 3.2]; we will then say an object F ∈ A is µ-stable (resp. µ-semistable) if, for every short exact
sequence 0→M → F → N → 0 in A whereM,N 6= 0, we have µ(M) < (resp. ≤ )µ(N).
3. COHOMOLOGICAL FOURIER-MUKAI TRANSFORMS
In this section, we will assume conditions (1), (2) and (3a) in 2.1. We will see how (3b) arises
as a necessary condition for comparing slope stability and tilt stability under a Fourier-Mukai trans-
form, and explain what is meant by taking a ‘limit’ when we speak of limit tilt stability. The author
thanks Ziyu Zhang for his insight that the cohomological Fourier-Mukai transforms become easier to
understand when the Chern characters are twisted before applying the transform.
3.1. The cohomological Fourier-Mukai transform formula for Φ. Take any object E ∈ Db(X). By
assumption (2.1.1), we can write
ch0(E) = n
ch1(E) = xΘ+ p
∗S
ch2(E) = Θp
∗η + af
ch3(E) = s(3.1.1)
for some n, x ∈ Z, a, s ∈ Q, S, η ∈ A1(B)Q, where f denotes the class of a fiber of p. Then
ch0(ΦE) = x
ch1(ΦE) = −nΘ+ p
∗η − 12xc1
ch2(ΦE) = (
1
2nc1 − p
∗S)Θ + (s− 12c1Θp
∗η + 112xc
2
1Θ)f
ch3(ΦE) = −
1
6nΘc
2
1 − a+
1
2Θc1p
∗S
where c1 = −p
∗(KB) from the formula [2, (6.26)]. Rewriting in terms of KB, we obtain
ch0(ΦE) = x
ch1(ΦE) = −nΘ+ p
∗(η + 12xKB)
ch2(ΦE) = −Θp
∗(S + 12nKB) + (s+
1
2ηKB +
1
8xK
2
B)f −
1
24xK
2
Bf
ch3(ΦE) = −(a+
1
2SKB +
1
8nK
2
B)−
1
24nK
2
B.(3.1.2)
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3.2. A matrix notation for Chern characters. We introduce a notation for Chern characters that
makes the cohomological Fourier-Mukai transform formula as easy to understand as in the product
case of [20]. The assumption (2.1.1) on the cohomology ring of X says that it is the direct sum of the
following six vector spaces:
H0(X,Q) p∗H2(B,Q) p∗H4(B,Q)
Θp∗H0(B,Q) Θp∗H2(B,Q) H6(X,Q)
.
We can therefore think of the Chern character ch(E) in (3.1.1) as a matrix(
n p∗S af
xΘ Θp∗η s
)
.
Let us write B to denote the B-field B = 12c1 = −
1
2p
∗KB. In the above matrix notation, twisting
ch(E) by this B-field gives
(3.2.1) chB(E) =
(
n p∗(S + 12nKB) (a+
1
2SKB +
1
8nK
2
B)f
xΘ Θp∗(η + 12xKB) s+
1
2ηKB +
1
8xK
2
B
)
and
ch(ΦE) =
(
x p∗(η + 12xKB) (s+
1
2ηKB +
1
8xK
2
B)f −
1
24xK
2
Bf
−nΘ −Θp∗(S + 12nKB) −(a+
1
2SKB +
1
8nK
2
B)−
1
24nK
2
B
)
Conceptually, this makes the cohomological Fourier-Mukai transform very similar to the case of the
product threefold (see [20, 4.1]): In the product case, the cohomological FMT simply swaps the
two rows of ch(E) in matrix notation, and changes the signs of the lower row (ignoring Θ and f
in the expressions). The situation for Weierstraß threefolds here is similar: up to adding the terms
− 124xK
2
Bf ∈ A
2(X) and − 124nK
2
B ∈ A
3(X), the cohomological FMT also swaps the two rows of
chB(E) and changes the signs of the lower row. Indeed, if KB = OB, then the above cohomological
FMT formula reduces to that of the product case in [20].
3.3. Polarisations on X . From the Nakai-Moishezon Criterion [15, Theorem 1.42], the section Θ is
a p-ample divisor on the Weierstraß threefold X . Then, for any ample divisor HB on B, there exists
some v0 > 0 such that Θ+ vp
∗HB is an ample divisor on X for all v > v0 [15, Proposition 1.45]. We
will always use polarisations of this form on X .
3.4. A numerical equivalence of cycles. On the elliptic threefoldX , in order for us to compare slope
stability for a coherent sheaf E with respect to a polarisation ω, and limit tilt stability for ΦE[1] with
respect to another polarisation ω, we need to find a way to deform the polarisation ω so that, under
an appropriate limit in ω, there exists a positive constant C and an asymptotic equivalence
(3.4.1) ω2chB1 (E) ∼ C · ℑZω(ΦE[1])
for any E ∈ Db(X). By 3.3, we can write the polarisations ω, ω on X as
ω = ω1 + ω2 with ω1 = aΘ, ω2 = p
∗HB
ω = ω1 + ω2 with ω1 = uΘ, ω2 = p
∗ĤB
where a, u ∈ R>0 and HB , ĤB are ample classes on B. With ch(E) as in (3.1.1), we will also write
A1 = xΘ
A2 = p
∗(S + 12nKB)
A3 = (s+
1
2ηKB +
1
8xK
2
B)f −
1
24xK
2
Bf
to simplify some of the calculations to come. Then
ω2chB1 (E) = ω
2A1 + ω
2A2
= ω2A1 + ω1(ω1 + 2ω2)A2
= ω2Θx+ ω1(ω1 + 2ω2)A2(3.4.2)
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while
ℑZω(ΦE[1]) = ωch2(ΦE[1])−
ω3
6 ch0(ΦE[1])
= ω(ΘA2 −A3) +
ω3
6 x
= ωΘA2 − ω1A3 +
ω3
6 x.(3.4.3)
Later in the article, we will let u→ 0, in which case we need the following numerical equivalence for
the ‘coefficients’ of A2 and x to hold in A
2(X) in order to have a solution to the numerical equivalence
(3.4.1):
(3.4.4)
ω1(ω1 + 2ω2)
Θω2
≡
ωΘ
ω3/6
.
3.5. Solving the numerical equivalence. By adjunction, we have
(3.5.1) Θ2 = Θp∗KB
[2, (6.6), Section 6.2.6]. In order for there to be a solution to (3.4.4), the 1-cycles
ω1(ω1 + 2ω2) = a
2Θp∗KB + 2aΘp
∗HB = aΘ(ap
∗KB + 2p
∗HB)
and
ωΘ = (uΘ+ p∗ĤB)Θ = Θ(up
∗KB + p
∗ĤB)
must be real scalar multiples of each other under numerical equivalence. Two ways through which
this can happen are:
(a) KB, HB are not R-multiples of each other under numerical equivalence as cycles on B, as is
the case for KB, ĤB; however, ap
∗KB + 2p
∗HB and up
∗KB + p
∗ĤB are R-multiples of each
other up to numerical equivalence;
(b) KB, HB, ĤB are R-scalar multiples of one another up to numerical equivalence as cycles on
B, such as when B is a Fano, Enriques or K3 surface.
In case (a), we can solve (3.4.4) by setting
aĤB = 2uHB
and then taking HB, ĤB to be suitable R-multiples of each other up to numerical equivalence. Since
we would like to let u→ 0 as mentioned in 3.4, this solution would force a→ 0 as well. This amounts
to taking limits in both ω and ω, and corresponds to the approach taken by Yoshioka [37, 38] on
elliptic surfaces and the author’s joint work with Zhang in [21]. However, we would like to find a
solution to (3.4.4) for an arbitrary polarisation ω, and so will not pursue this approach in this article.
In case (b), let us write
(3.5.2) KB ≡ hHB
for some ample class HB on B and some h ∈ R. We allow the possibility of h being zero, as is the case
when B is an Enriques or a K3 surface. Then we write
HB = bHB, ĤB = vHB for some b, v > 0.
Then
(3.5.3) ω = aΘ+ bp∗HB, ω = uΘ+ vp
∗HB.
Since the fibration p : X → B is a local complete intersection [2, Section 6.2.1], the numerical
equivalence (3.5.2) on B pulls back to the numerical equivalence
p∗KB ≡ hp
∗HB
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on X [12, Example 19.2.3]. It follows that
ω1(ω1 + 2ω2) = aΘ(ap
∗KB + 2p
∗HB)
≡ a(ha+ 2b)Θp∗HB,
Θω2 = Θ(ω1 + ω2)
2
= (h2a2 + 2hab+ b2)Θp∗H2B
= (ha+ b)2Θp∗H2B,
ωΘ ≡ huΘp∗HB + vΘp
∗HB
= (hu+ v)Θp∗HB,
ω3
6 =
1
6 (ω1 + ω2)
3
= 16ω1(ω
2
1 + 3ω1ω2 + 3ω
2
2)
= 16u(h
2u2Θp∗H2B + 3huvΘp
∗H2B + 3v
2Θp∗H2B)
= 16u(h
2u2 + 3huv + 3v2)Θp∗H2B .
The numerical equivalence (3.4.4) we want to solve can now be rewritten as
a(ha+ 2b)Θp∗HB
(ha+ b)2Θp∗H2B
≡
(hu+ v)Θp∗HB
1
6u(h
2u2 + 3huv + 3v2)Θp∗H2B
,
and it would hold if we ensure a, b, u, v > 0 satisfy
(3.5.4)
a(ha+ 2b)
(ha+ b)2
=
(hu+ v)
1
6u(h
2u2 + 3huv + 3v2)
.
For fixed a, b > 0 and fixed h ∈ R, if we ensure
(3.5.5) ha+ 2b > 0 and ha+ b 6= 0,
and u > 0 is bounded from above, then for any v ≫ 0, we can always find some u that satisfies (3.5.4).
Furthermore, as v →∞ we have u = O( 1v ) subject to the constraint (3.5.4).
3.6. Relation to the product threefold case. When h = 0, i.e. when the surface B is numerically
K-trivial, the equation (3.5.4) reduces to
b
a = uv,
which is exactly the relation used in defining limit tilt stability on a product elliptic threefold C×B in
[20, 2.4], where C is a smooth elliptic curve, B a K3 surface, and X is considered as a trivial fibration
over B via the second projection.
4. LIMIT TILT STABILITY
We define limit tilt stability in this section. From now on through the end of the article, we will
assume conditions (1), (2) and (3) in 2.1; in particular, we will fix HB and h as in condition (3).
Recall from (3.5.3) that u, v > 0 are two parameters in our notation for the polarisation
ω = uΘ+ vp∗HB
on the threefold X , where HB is an ample class on the base B. In this section, we define a heart of
t-structure that can be regarded as a ‘limit’ of the heart Bω as v → ∞ along the curve (3.5.4) on the
vu-plane.
Lemma 4.1. There exists anm > 0 such that, for any k ≥ m and any effective divisor D on X , we have
(Θp∗HB + kf)D ≥ 0.
Proof. Choose any m0 > 0 such that
• m0 > v
′ where v′ is as in assumption (3a) in 2.1, so that Θ + kp∗HB is ample on X for any
k ≥ m0.
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• h+ 2m0 > 0
Then for any effective divisor D on X and any k ≥ m0, we have D(Θ + kp
∗HB)
2 ≥ 0. Moreover,
(Θ + kp∗HB)
2 = Θ2 + 2kΘp∗HB + k
2p∗H2B
= (h+ 2k)Θp∗HB + k
2p∗H2B
= (h+ 2k)(Θp∗HB +
k2
h+2kp
∗H2B).
Note that ddk
k2
h+2k =
2k(h+k)
(h+2k)2 , so under our assumption on k, the derivative
d
dk
k2
h+2k is always positive.
Thus we can take m in the lemma to be
m2
0
h+2m0
H2B. ■
Corollary 4.2. If η ∈ A1(B) and p∗η is an effective divisor class in A1(X), then HBη ≥ 0, with equality
if and only if η = 0.
Proof. Suppose η ∈ A1(B) and p∗η is an effective divisor class onX . Fix any k > 0 such that h+2k > 0
and Θ+kp∗HB is an ample class onX . Then from the proof of Lemma 4.1, we know (Θ+kp
∗HB)
2p∗η
is a positive multiple of (Θp∗HB +
k2
h+2kp
∗H2B)p
∗η = Θ(p∗HB)(p
∗η) = HBη. Hence HBη ≥ 0, with
equality iff p∗η = 0. Since p∗η = 0 implies 0 = p∗(Θ(p
∗η)) = η by the projection formula, the corollary
follows. ■
As a consequence of Lemma 4.1, we can find somem > 0 such that the following slope-like function
on Coh(X) has the Harder-Narasimhan property:
(4.2.1) µΘp∗HB+mf (E) =
(Θp∗HB +mf)ch1(E)
ch0(E)
for E ∈ Coh(X).
(From the proof of Lemma 4.1, this function is merely a multiple of the usual slope function with
respect to some ample class on X .)
Lemma 4.3. Take any u0 > 0 and F ∈ Coh(X). Suppose m > 0 is as in Lemma 4.1 and ω is of the
form (3.5.3).
(1) The following are equivalent:
(a) There exists v0 > 0 such that F ∈ Fω for all (v, u) ∈ (v0,∞)× (0, u0).
(b) There exists v0 > 0 such that, for every nonzero subsheaf A ⊆ F , we have µω(A) ≤ 0 for
all (v, u) ∈ (v0,∞)× (0, u0).
(c) For every nonzero subsheaf A ⊆ F , either (i) µf (A) < 0, or (ii) µf (A) = 0 and
µΘp∗HB+mf (A) ≤ 0.
(2) The following are equivalent:
(a) There exists v0 > 0 such that F ∈ Tω for all (v, u) ∈ (v0,∞)× (0, u0).
(b) There exists v0 > 0 such that, for every nonzero sheaf quotient F ։ A, we have µω(A) > 0
for all (v, u) ∈ (v0,∞)× (0, u0).
(c) For any nonzero sheaf quotient F ։ A, either (i) µf (A) > 0, or (ii) µf (A) = 0 and
µΘp∗HB+mf (A) > 0.
Proof. The proofs for parts (1) and (2) are essentially the same as those for [20, Lemmas 4.1, 4.3], so
we will only point out the modifications needed, using part (1) as an example.
For part (1), the directions (a)⇔ (b) are clear. Observe that
ω2 = (uΘ+ vp∗HB)
2
= u2Θ2 + 2uvΘp∗HB + v
2p∗H2B
≡ hu2Θp∗HB + 2uvΘp
∗HB + v
2p∗H2B
= u(hu+ 2v)Θp∗HB + v
2p∗H2B(4.3.1)
= u(hu+ 2v)(Θp∗HB +mf) + (v
2H2B − u(hu+ 2v)m)f.
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Hence for any A ∈ Coh(X)
µω(A) =
ω2ch1(A)
ch0(A)
= u(hu+ 2v)µΘp∗HB+mf (A) + (v
2H2B − u(hu+ 2v)m)µf (A)(4.3.2)
= O(v)µΘp∗HB+mf (A) +O(v
2)µf (A) as v →∞ while u is fixed.
Since the coefficients of µΘp∗HB+mf(A) and µf (A) above are positive for v ≫ 0, the implication (b)
⇒ (c) follows easily. To see (c) ⇒ (b), use the same argument as in [20, Lemma 4.1] and note that
both µf , µΘp∗HB+mf have the HN property on Coh(X). ■
4.4. Since the conditions in parts (1)(c) and (2)(c) of Lemma 4.3 are independent of the polarisation
ω = uΘ+ vp∗HB, we can define the following categories:
• T l, the extension closure of all coherent sheaves satisfying (2)(c) in Lemma 4.3,
• F l, the extension closure of all coherent sheaves satisfying (1)(c) in Lemma 4.3,
and subsequently the extension closure
Bl = 〈F l[1], T l〉.
As in the case of the product elliptic threefold [20, Remark 4.4(vi)], it is easy to check that the
categories T l,F l can equivalently be defined as follows, for any fixed a, b > satisfying (3.5.5) and for
v, u > 0:
• T l: the extension closure of all coherent sheaves F on X such that F ∈ Tω for all v ≫ 0
subject to (3.5.4),
• F l: the extension closure of all coherent sheaves F on X such that F ∈ Fω for all v ≫ 0
subject to (3.5.4)
4.5. The following properties of T l,F l and Bl are immediate. We will omit their proofs since they
are analogous to their counterparts in the product case (see [20, Remark 4.4]):
(i) All the torsion sheaves on X are contained in T l.
(ii) F l is contained in the category of torsion-free sheaves on X .
(iii) W0,Φ̂ ⊂ T
l.
(iv) fch1(E) ≥ 0 for every E ∈ B
l.
(v) F l ⊂W1,Φ̂; this follows from Lemma 4.6 below.
Lemma 4.6. (T l,F l) is a torsion pair in Coh(X), and the category Bl is the heart of a t-structure on
Db(X).
Proof. For any A ∈ Coh(X), the decomposition of µω in (4.3.2) gives
µω(A) = O(1)µΘp∗HB+mf (A) +O(v
2)µf (A) as v →∞ along (3.5.4).
The proof of [20, Lemma 4.6] carries over if we replace s, t by v, u, replace the curve ts = α by (3.5.4),
and replace the function µ∗ by µΘp∗HB+mf in that proof. ■
Lemma 4.7. For any a, b > 0 satisfying (3.5.5), and for any E ∈ Bl, we have
Zω(E) ∈ −iH0 for v ≫ 0
whenever u, v > 0 satisfy the constraint (3.5.4).
Proof. Take any E ∈ Bl. From Lemma 4.3, we know there exists some v0 > 0 such that, for any
u > 0, v > v0 satisfying (3.5.4), we have E ∈ Bω, in which case Zω(E) ∈ −iH0. ■
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4.8. Z
l
-stability on Bl as asymptotically polynomial stability. Lemma 4.7 allows us to define the
notion of Z
l
-stability on Bl for any fixed a, b satisfying (3.5.5). Take any F ∈ Bl, and suppose u, v > 0
satisfy (3.5.4). Supposing ch(F ) is of the form
(4.8.1) ch(F ) =
(
n˜ p∗S˜ a˜f
x˜Θ Θp∗η˜ s˜
)
,
we have
ω2
2 ch1(F ) =
1
2 (u(hu+ 2v)Θp
∗HB + v
2p∗H2B)(x˜Θ+ p
∗S˜) by (4.3.1)
= 12 (hu(hu+ 2v) + v
2)x˜Θp∗H2B +
1
2u(hu+ 2v)Θp
∗(HB S˜),
ωch2(F ) = (uΘ+ vp
∗HB)(Θp
∗η˜ + a˜f)
= (hu + v)Θp∗(HB η˜) + ua˜
giving us
Zω(F ) =
ω2
2 ch1(F ) + i(ωch2(F )−
ω3
6 ch0(F ))
=
(
hu(hu+2v)+v2
2 H
2
Bx˜+
u(hu+2v)
2 HBS˜
)
(4.8.2)
+ i
(
(hu+ v)HB η˜ + ua˜−
u(h2u2+3huv+3v2)
6 H
2
Bn˜
)
.(4.8.3)
As v →∞ under the constraint (3.5.4), we have
(4.8.4) Zω(F ) = O(v
2)H2Bx˜+O(1)HB S˜ + i
(
O(v)HB η˜ +O(
1
v )a˜−O(v)H
2
B n˜
)
.
Therefore, for v ≫ 0 we can define a function φ(F )(v) by the relation
(4.8.5) Zω(F ) ∈ R>0e
ipiφ(F )(v) if Zω(F ) 6= 0,
while we set φ(F )(v) = 12 in case of Zω(F ) = 0. Here, φ(F )(v) is a function germ
φ(F ) : R→ (0, 1]
as in the definition of Bayer’s polynomial stability [3, Section 2.1]. Even though u is only an implicit
function in v under the relation (3.5.4), for v ≫ 0 we can write u as a function in v by requiring
u > 0, in which case we have u = O( 1v ) as mentioned in 3.5. As a result, all the coefficients in the
expression of Zω(F ) are asymptotically equivalent to Laurent polynomials in v as v →∞, as indicated
in (4.8.4). This is sufficient for us to define the following notion of stability (see [3, Definition 2.2.2]
and the remark following it), which we can think of as an ‘asymptotically polynomial stability’: for
two objects E,F ∈ Bl, we write φ(E) ≺ φ(F ) (resp. φ(E)  φ(F )) if φ(E)(v) < φ(F )(v) (resp.
φ(E)(v) ≤ φ(F )(v)) as v → ∞ along (3.5.4). We say an object F ∈ Bl is Z
l
-stable or limit tilt stable
(resp. Z
l
-semistable or limit tilt semistable) if, for every Bl-short exact sequence of the form
0→M → F → N → 0
whereM,N 6= 0, we have
φ(M) ≺ φ(N) (resp. φ(M)  φ(N)).
4.9. We set
T l,+ = 〈F ∈ T l : F is µf -semistable,∞ > µf (F ) > 0〉
T l,0 = {F ∈ T l : F is µf -semistable, µf (F ) = 0}
F l,0 = {F ∈ F l : F is µf -semistable, µf (F ) = 0}
F l,− = 〈F ∈ F l : F is µf -semistable, µf (F ) < 0〉.
These categories have the same basic properties as their counterparts in the product threefold case in
[20], and so we omit their proofs and only indicate where the counterparts appear in [20]:
(i) T l,0 ⊂W1,Φ̂ [20, Remark 4.8(iii)].
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(ii) Φ̂Bl ⊂ D
[0,1]
Coh(X), which gives us a torsion triple in B
l
(4.9.1) (F l[1], W0,Φ̂, W1,Φ̂ ∩ T
l,0)
[20, Remark 4.9].
(iii) We have a torsion quintuple in Bl
(F l,0[1], F l,−[1], Coh≤2(X), T l,+, T l,0)
[20, Lemma 4.11].
(iv) W1,Φ̂ ∩ T
l = 〈W1,Φ̂ ∩Coh
≤2(X), T l,0〉, and every object in this category can be written as the
extension of a sheaf in T l,0 by a sheaf inW1,Φ̂∩Coh
≤2(X). Moreover, for every F ∈ W1,Φ̂∩T
l,
the transform Φ̂F [1] is a torsion sheaf on X . (The proof of these claims is the same as the
proof of [20, Lemma 4.10] - we can just replace ch10 in that proof by fch1.)
(v) For every torsion-free sheaf E on X , we have ΦE[1] ∈ Bl [20, Lemma 4.12].
In the predecessor to this article, [20], limit tilt stability (or Z
l
-stability) was referred to as νl-
stability.
5. PHASES OF OBJECTS WITH RESPECT TO LIMIT TILT STABILITY
We compute the phases of various objects in Bl in this section. These computations will be needed
in order to establish the Harder-Narasimhan property of Z
l
-stability on Bl. Throughout this section,
we will assume that ω, ω are ample classes of the form (3.5.3) with a, b, u, v > 0 satisfying (3.5.5) and
(3.5.4) and where a, b are fixed.
5.1. Take any object E ∈ Db(X) with x = fch1(E) 6= 0. Using the notation in 3.4, we have
ℑZω(ΦE[1]) =
ω3
6 x+ ωΘA2 − ω1A3 from (3.4.3)
= ω
3
6 x
(
1 + ωΘA2(ω3/6)x
)
− ω1A3
= ω
3
6 x
(
1 + ω1(ω1+2ω2)A2
Θω2x
)
− ω1A3 by (3.4.4)
= (ω
3/6)x
Θω2x
(Θω2x+ ω1(ω1 + 2ω2)A2)− ω1A3
= (ω
3/6)
Θω2 ω
2chB1 (E)− ω1A3 by (3.4.2) and where B = −
1
2p
∗KB
= O(v)ω2chB1 (E)−O(
1
v )ΘA3 as v →∞.
5.2. Suppose F is a Φ̂-WIT1 sheaf on X with ch0(F ) 6= 0 and fch1(F ) = 0. Then F̂ = Φ̂F [1] is a
coherent sheaf supported in dimension 2, and we have 0 < ωch1(F̂ ). From the computation in 5.1,
for v ≫ 0 we have 0 < ℑZω(ΦF̂ [1]) = ℑZω(ΦΦ̂F [2]) = ℑZω(F [1]) and ℑZω(F ) is O(v).
5.3. The cohomological Fourier-Mukai formula for Φ̂. Suppose F ∈ Db(X) has Chern character of
the form (4.8.1), i.e.
ch(F ) =
(
n˜ p∗S˜ a˜f
x˜Θ Θp∗η˜ s˜
)
.
Then the formula [2, (6.27)] gives
ch0(Φ̂F ) = x˜
ch1(Φ̂F ) = −n˜Θ+ p
∗η˜ − 12 x˜p
∗KB
ch2(Φ̂F ) = (
1
2 n˜p
∗KB − p
∗S˜)Θ + (s˜− 12KBη˜ +
1
12 x˜K
2
B)f
ch3(Φ̂F ) = −
1
6 n˜K
2
B − a˜+
1
2KBS˜.(5.3.1)
The following is a generalisation of [21, Remark 5.17] from the product elliptic threefold to a
general Weierstraß elliptic threefold:
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Lemma 5.4.
(a) For 1 ≤ d ≤ 3, if F ∈ Cohd(p)d−1 ∩W1,Φ̂ then ch3−d+1(F )p
∗Hd−1B ≤ 0.
(b) For 1 ≤ d ≤ 3, if F ∈ Cohd(p)d−1 ∩W0,Φ̂ then ch3−d+1(F )p
∗Hd−1B > 0.
Proof. Suppose F 6= 0 and ch(F ) is as in (4.8.1). Then
ch3−d+1(F )p
∗Hd−1B =

ch1(F )p
∗H2B = x˜H
2
B when d = 3
ch2(F )p
∗HB = η˜HB when d = 2
ch3(F ) = s˜ when d = 1
.
We consider parts (a) and (b) at the same time for each d:
• When d = 3: ch(Φ̂F ) =
(
x˜ ∗ ∗
−n˜Θ ∗ ∗
)
, so ch1(F )p
∗H2B = x˜H
2
B = ch0(Φ̂F )H
2
B, which is nonpos-
itive (resp. nonnegative) if F is Φ̂-WIT1 (resp. Φ̂-WIT0). Furthermore, if F is Φ̂-WIT0, then
we cannot have ch0(Φ̂F ) = 0, or else Φ̂F would be a Φ-WIT1 sheaf in Coh
≤2(X), implying
Φ̂F and hence F itself lies in Coh(p) [18, Lemma 2.6], contradicting the assumption that F
is supported in dimension 3. This proves the case d = 3.
• When d = 2: n˜ = x˜ = 0 by assumption and ch(Φ̂F ) =
(
0 p∗η˜ (s˜−
1
2KBη˜)f
0 −Θp∗S˜ ∗
)
. Then
ch2(F )p
∗HB = HB η˜ = (p
∗η˜)Θp∗HB, which has the same sign as the leading coefficient
of ω2ch1(Φ̂F ) as v → ∞. Therefore, ch2(F )p
∗HB is nonpositive (resp. nonnegative) if F is
Φ̂-WIT1 (resp. Φ̂-WIT0). Furthermore, if F is Φ̂-WIT0, then we cannot have ch2(F )p
∗HB = 0,
or else ch1(Φ̂F ) = 0, implying Φ̂F is a Φ-WIT1 coherent sheaf supported in dimension 1, in
which case Φ̂F and hence F itself must be a fiber sheaf (by [18, Remark 3.14, Lemma 3.15]),
contradicting the assumption that F is supported in dimension 2.
• When d = 1: n˜, x˜, p∗S˜,Θp∗η˜ all vanish, and ch(F ) =
(
0 0 a˜f
0 0 s˜
)
. When F is Φ̂-WITi, we have
that ch2(Φ̂F [i]) = s˜f is effective, and so (−1)
is˜ ≥ 0. Furthermore, if F is Φ̂-WIT0 then we
must have s˜ > 0, or else Φ̂F is a Φ-WIT1 fiber sheaf with ch2 = 0, meaning Φ̂F is Φ-WIT1 and
yet is supported in dimension 0, which is impossible by [2, Proposition 6.38].
■
5.5. Adopting the notation in [20, Section 3], we will define the following subcategories of Coh(X):
+
= Coh≤0(X)
+
+
= {E ∈ Coh1(p)0 : all µ-HN factors of E have∞ > µ > 0}
+
0
= {E ∈ Coh1(p)0 : all µ-HN factors of E have µ = 0}
+
−
= {E ∈ Coh1(p)0 : all µ-HN factors of E have µ < 0}
∗
+ ∗
= Coh1(p)1 ∩ {Coh
≤0}↑
+ ∗
+ ∗
= Coh2(p)1 ∩W0,Φ̂.
+ ∗
0 ∗
= {E ∈ Φ({Coh≤0}↑ ∩ Coh≤1(X)) : dimE = 2}
+ ∗
− ∗
= {E ∈ Coh2(p)1 ∩W1,Φ̂ : Θ(p
∗η) 6= 0} where η is as in (3.1.1)
∗ ∗
+ ∗ ∗
= {E ∈ Coh2(p)2 ∩W0,Φ̂ : fch1(E) > 0}
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The Fourier-Mukai transform Φ induces the following equivalences, as already observed in [20, Re-
mark 3.1]:
+
""❉
❉❉
❉❉
+
+

∗
+ ∗
""❉
❉❉
❉❉
+ ∗
+ ∗

∗ ∗
+ ∗ ∗
""❉
❉❉
❉❉
+ ∗ ∗
+ ∗ ∗

+
0
+ ∗
0 ∗
+ ∗ ∗
0 ∗ ∗
+
−
+ ∗
− ∗
+ ∗ ∗
− ∗ ∗
The categories + ∗ ∗
+ ∗ ∗
, + ∗ ∗
0 ∗ ∗
, + ∗ ∗
− ∗ ∗
are defined in 7.2.3. The categories denoted by diagrams of the form
can similarly be defined using the Fourier-Mukai transform Φ instead of Φ̂; it will always be clear
from the context as to which functor is used in the definition. A concatenation of more than one such
diagram will mean the extension closure of the categories involved; for example, the concatenation
+
+
+
+
0
is the extension closure of all slope semistable fiber sheaves of slope at least zero (including sheaves
supported in dimension zero, which are slope semistable fiber sheaves of slope +∞).
5.6. Take any nonzero object F ∈ Bl, and suppose ch(F ) is of the form (4.8.1). Recall the equations
Zω(F ) =
ω2
2 ch1(F ) + i(ωch2(F )−
ω3
6 ch0(F ))
= O(v2)H2B x˜+O(1)HB S˜ + i
(
O(v)HB η˜ +O(
1
v )a˜−O(v)H
2
B n˜
)
from (4.8.4).
The following phase computations are more streamlined than their counterparts in [20, 4.6]:
(i) Suppose F ∈ Coh≤1(X).
(a) If F ∈ Coh≤0(X), then Zω(F ) = 0 and φ(F ) =
1
2 by definition.
(b) If dimF = 1, then ω2ch1(F ) = 0, which means Zω(F ) is purely imaginary and nonzero
[4, Remark 3.3.1], and so φ(F ) = 12 .
(ii) Suppose F ∈ ∗ ∗
+ ∗ ∗
. Then x˜ = fch1(F ) > 0, and so φ(F )→ 0.
(iii) Suppose F ∈ Coh2(p)1: then n˜ = 0 and x˜ = fch1(F ) = 0, and ch1(F ) = p
∗S˜ is effective.
(A) If F ∈ W0,Φ̂, then F ∈
+ ∗
+ ∗
, and from the case of d = 2 in the proof of Lemma 5.4 we
know ch2(F )p
∗HB = HB η˜ > 0 and so φ(F )→
1
2 .
(B) If F ∈W1,Φ̂:
(a) If F ∈ + ∗
− ∗
, then again from the proof of Lemma 5.4 we know HB η˜ < 0, which
gives φ(F )→ − 12 .
(b) If F ∈ + ∗
0 ∗
, then ch(F ) = ( 0 ∗ ∗0 0 ∗ ) and
Zω(F ) =
ω2
2 p
∗S˜ + iωa˜f = u(hu+2v)2 HBS˜ + iua˜.
Since p∗S˜ is effective, we have ℜZω(F ) > 0 and is O(1) while ℑZω(F ) is O(
1
v ) as
v → ∞. Hence φ(F ) → 0. Note that, depending on the sign of a˜, we could have
φ(F )→ 0+, φ(F ) = 0 or φ(F )→ 0−.
(iv) Suppose F ∈ T l,+. Then x˜ = fch1(F ) > 0 and φ(F )→ 0.
(v) Suppose F ∈ T l,0. Then ch0(F ) 6= 0, x˜ = fch1(F ) = 0 and F is Φ̂-WIT1 by 4.9(i). From
5.2, we know that Zω(F ) is dominated by the imaginary part, which is O(v) and negative as
v →∞. Hence φ(F )→ − 12 .
(vi) Suppose F = A[1] where A ∈ F l,0. Then as in case (v), Zω(A) is dominated by its imaginary
part, which is negative as v →∞. Hence φ(F ) = φ(A[1])→ 12 .
(vii) Suppose F = A[1] where A ∈ F l,−. Then x˜ = fch1(F ) > 0 and φ(F )→ 0.
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5.7. The categoryW1,Φ̂ ∩T
l,0. Given any objectM inW1,Φ̂ ∩T
l,0, we know from 4.9(iv) thatM has
a filtrationM0 ⊆M1 =M in Coh(X) whereM0 ∈ W1,Φ̂∩Coh
≤2(X) andM1/M0 ∈ T
l,0. We compute
φ(M) in different cases:
• SupposeM1/M0 6= 0. ThenM is a Φ̂-WIT1 sheaf of nonzero rank with fch1(F ) = 0, meaning
M̂ = Φ̂M [1] is a coherent sheaf supported in dimension 2. By 5.2, we know ℑZω(M) is
negative and O(v) as v →∞, while ℜZω(M) is at most O(1). Hence φ(M)→ −
1
2 .
• SupposeM1/M0 = 0. ThenM = M0 lies in W1,Φ̂ ∩ Coh
≤2(X), and soM ∈ Coh(p)≤1. Let us
write ch(M) =
(
0 p∗S af
0 Θp∗η s
)
.
– If dimM = 2, then by Lemma 5.4 we have ch2(M)p
∗HB = HBη ≤ 0.
∗ If HBη < 0, then φ(M)→ −
1
2 .
∗ If HBη = 0, then Zω(M) = O(1)HBS + iO(
1
v )a. Since HBS is the leading coeffi-
cient of ω2ch1(M) as v →∞, we have HBS > 0, and so φ(M)→ 0.
– If dimM = 1, thenM is a fiber sheaf and φ(M) = 12 .
6. SLOPE STABILITY VS LIMIT TILT STABILITY
In this section, we will prove a comparison theorem between slope stability and limit tilt stability
via the Fourier-Mukai transform Φ, generalising the main result in the product threefold case in the
predecessor to this article [20, Theorem 5.1]. Part (A) of Theorem 6.2 describes a vanishing condition
under which a µω-stable torsion-free sheaf is taken by Φ to a Z
l
-stable object, while part (B) of the
theorem will explain how a Z
l
-semistable object can be modified in codimension 2 so that it is taken
by Φ̂ to a µω-semistable torsion-free sheaf. We will then discuss scenarios under which the vanishing
condition in Theorem 6.2(A) hold. One of these scenarios is when we have a torsion-free reflexive
sheaf. Since every torsion-free sheaf on a smooth projective threefold differs from its double dual
(which is reflexive) only in codimension 2, we can interpret Theorem 6.2 as follows: µω-stability and
Z
l
-stability coincide up to modification in codimension 2 in the derived category.
6.1. Positivity of Chern classes.
Lemma 6.1.1. Suppose E ∈ Coh≤1(X) and ch(E) =
(
0 0 af
0 Θp∗η s
)
. Then η is an effective divisor class
on B.
Proof. Since E is supported in dimension at most 1, the 1-cycle Θp∗η + af is effective. Thus the
pushforward p∗(Θp
∗η + af) is also effective. However, the projection formula gives p∗(Θp
∗η + af) =
(p∗Θ)η = η. The lemma then follows. ■
Lemma 6.1.2. For any nonzero E in Coh≤1(X), we have (p∗HB)ch2(E) ≥ 0. In the event that
(p∗HB)ch2(E) = 0 and E ∈ Coh
≤1(X) ∩ {Coh≤0}↑, the sheaf E is supported in dimension 0 and
ch3(E) > 0.
Proof. Take any E ∈ Coh≤1(X) and suppose ch(E) =
(
0 0 af
0 Θp∗η s
)
. By Lemma 6.1.1, we know η is an
effective divisor class on B, and so
(p∗HB)ch2(E) = (p
∗HB)Θ(p
∗η) = HBη ≥ 0
since HB is ample on B. Now suppose (p
∗HB)ch2(E) = 0 and E ∈ Coh
≤1(X) ∩ {Coh≤0}↑. Since η is
effective on B, this means η = 0 in A1(B). Thus E is supported on a finite number of fibers of p. That
E ∈ {Coh≤0}↑ then forces E to be supported in dimension 0, and so ch3(E) > 0. ■
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6.1.3. An auxiliary function µ∗ on Coh
≤1(X). We define a function µ∗ on Coh
≤1(X) by setting, for
any E ∈ Coh≤1(X),
µ∗(E) =
{
ch3(E)
(p∗HB)ch2(E)
if (p∗HB)ch2(E) 6= 0
+∞ if (p∗HB)ch2(E) = 0
.
By Lemma 6.1.2, for any E ∈ Coh≤1(X) we have (p∗HB)ch2(E) ≥ 0. Note that if E ∈ Coh
≤1(X)
and (p∗HB)ch2(E) = 0, it does not necessarily mean ch3(E) ≥ 0. For example, for any E ∈ +−
we have (p∗HB)ch2(E) = 0 and ch3(E) < 0. Nonetheless, if E ∈ Coh
≤1(X) ∩W0,Φ, then in case of
(p∗HB)ch2(E) = 0 we do have ch3(E) ≥ 0: the vanishing (p
∗HB)ch2(E) = 0 implies that E is a fiber
sheaf as in the proof of Lemma 6.1.2. Moreover, any Φ-WIT0 fiber sheaf lies in the extension closure
〈Coh≤0(X), +
+
〉 and so we have ch3(E) ≥ 0, with equality if and only if E is zero. (See 6.1.4 below.)
6.1.4. µ∗-semistability. For convenience, we will say a sheaf E ∈ Coh
≤1(X) is µ∗-semistable if, for
every short exact sequence in Coh(X) of the form
0→M → E → N → 0
whereM,N 6= 0, we have µ∗(M) ≤ µ∗(N). A priori, we do not have the Harder-Narasimhan property
for µ∗ because (p
∗HB)ch2(E) = 0 does not guarantee ch3(E) ≥ 0 as mentioned in 6.1.3. Even if we
restrict to the category Coh≤1(X)∩W0,Φ, we cannot apply [21, Proposition 3.4] directly because this
category is not a Serre subcategory of Coh(X). However, if we restrict to the case E ∈ Coh≤1(X) ∩
{Coh≤0}↑, then the vanishing (p∗HB)ch2(E) = 0 does imply ch3(E) ≥ 0 by Lemma 6.1.2. Since
Coh≤1(X) ∩ {Coh≤0}↑ is a Serre subcategory of Coh(X), and hence a noetherian abelian category in
its own right, the function µ∗ is a slope-like function on Coh
≤1(X) ∩ {Coh≤0}↑ in the sense of [21,
Sectino 3.2] and has the Harder-Narasimhan property as a result of [21, Proposition 3.4].
6.1.5. We can also define a ‘twisted’ version of µ∗ using the twisted Chern character. For any B ∈
A1(X) we set
µ∗,B(E) =
{
chB
3
(E)
(p∗HB)chB2 (E)
if (p∗HB)ch
B
2 (E) 6= 0
+∞ if (p∗HB)ch
B
2 (E) = 0
.
For the specific B-field B = − 12p
∗KB and any object E ∈ D
b(X) with Chern character ch(E) =(
0 0 af
0 Θp∗η s
)
where (p∗HB)ch2(E) = HBη 6= 0, we have ch
B(E) =
(
0 0 af
0 Θp∗η s+
1
2KBη
)
and thus
µ∗,B(E) =
chB3 (E)
(p∗HB)ch
B
2 (E)
=
s+ 12KBη
(p∗HB)ch2(E)
=
s
HBη
+
1
2
·
hHBη
HBη
=
s
HBη
+
h
2
.
6.1.6. Note that, for any E ∈ Coh≤1(X), we have µ∗,B(E) =∞ if and only if E is a fiber sheaf. This
is because
µ∗,B(E) =∞⇔ (p
∗HB)ch
B
2 (E) = 0 from the definition of µ∗,B
⇔ HBη = 0 (with ch(E) written as in 6.1.5)
⇔ η = 0 by Lemma 6.1.1
⇔ supp(E) is contained in a finite union of fibers of p,
i.e. E is a fiber sheaf.
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We now come to the main theorem of this article. Theorem 6.2(A) says that every torsion-free
sheaf on X satisfying the vanishing condition (V) are taken by the Fourier-Mukai transform Φ to a
limit tilt stable object. We will give examples where the condition (V) holds in Corollary 6.5, Remark
6.6 and Corollary 6.7. In particular, Corollary 6.7 says every torsion-free reflexive sheaf is taken by Φ
to a limit tilt stable object.
Theorem 6.2. (µω,B-stability versus Z
l
-stability) Let p : X → B be a Weierstraß elliptic threefold
satisfying assumptions (1)-(3) in 2.1. Fix any a, b > 0 satisfying (3.5.5), and fix the B-field B =
− 12p
∗KB.
(A) Suppose E is a µω,B-stable torsion-free sheaf E on X satisfying the following condition:
(V) Given any T ∈ Coh≤1(X) ∩W0,Φ satisfying
(6.2.1) µ∗,B(T ) ≥
2
a(ha+ 2b)H2B
· µω,B(E)
that comes with some α ∈ Hom(T,E[1]) such that Φα is a Bl-injection, T must be zero.
Then ΦE[1] ∈ Bl is a Z
l
-stable object.
(B) Suppose F ∈ Bl is a Z
l
-semistable object with fch1(F ) 6= 0. Consider the Bl-short exact sequence
0→ F ′ → F → F ′′ → 0
where F ′ ∈ 〈F l[1],W0,Φ̂〉 and F
′′ ∈ W1,Φ̂ ∩ T
l, which exists by the torsion triple (4.9.1). Then
Φ̂F ′ is a torsion-free µω,B-semistable sheaf, and Φ̂F ′′[1] ∈ Coh
≤1(X).
In the proof of Theorem 6.2(A), we will often consider the twisted slope function µω,B instead of
µω.
Proof of Theorem 6.2(A). We follow the outline of the proof of [20, Theorem 5.1(A)]. Let E be as
described in the hypotheses, and write F = ΦE[1]. Since ch0(E) > 0, we have fch1(F ) > 0, and so
φ(F )→ 0. We have F ∈ Bl from 4.9(v).
Take any Bl-short exact sequence of the form
(6.2.2) 0→ G→ F → F/G→ 0
where G 6= 0. This gives an exact sequence of sheaves
(6.2.3) 0→ Φ̂0G→ E
α
→ Φ̂0(F/G)→ Φ̂1G→ 0
and Φ̂1(F/G) = 0. From the torsion triple (4.9.1) in Bl, we also have the decomposition of G by an
exact triangle
Φ(Φ̂0G)[1]→ G→ Φ(Φ̂1G)→ Φ(Φ̂0G)[2]
where Φ(Φ̂0G)[1] ∈ 〈F l[1],W0,Φ̂〉 and Φ(Φ̂
1G) ∈W1,Φ̂ ∩ T
l.
Suppose ch0(imα) = 0. Then ch0(Φ̂
0G) = ch0(E) > 0, giving fch1(Φ(Φ̂
0G)[1]) > 0. We divide
further into two cases:
(a) ch1(imα) 6= 0. In this case, µω,B(Φ̂
0G) < µω,B(E), which gives φ(Φ(Φ̂
0G)[1]) ≺ φ(F ). On the
other hand, we know Φ(Φ̂1G) ∈ W1,Φ̂∩T
l from above. By 4.9(iv), we have Φ̂1G ∈ Coh≤2(X).
(i) If dim Φ̂1G = 2, then ωchB1 (Φ̂
1G) = ωch1(Φ̂
1G) > 0. From the computation in 5.1 we
know ℑZω(Φ(Φ̂
1G)[1]) is O(v) and is positive as v → ∞. Thus ℑZω(Φ(Φ̂
1G)) is O(v)
and is negative as v →∞. Overall, we have φ(G) ≺ φ(F ).
(ii) If dim Φ̂1G ≤ 1, then ch(Φ̂1G) = ( 0 0 ∗0 ∗ ∗ ) and so ch(Φ(Φ̂
1G)) = ( 0 ∗ ∗0 0 ∗ ). This means that
Zω(Φ(Φ̂
1G)) itself has order of magnitude at most O(1) as v → ∞ while Φ(Φ̂0G)[1] has
order of magnitude O(v2). Overall, we have φ(G) ≺ φ(F ).
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(b) ch1(imα) = 0. Then imα ∈ Coh
≤1(X), and chB0 , ch
B
1 of Φ̂
0G,E agree, and so Φ(Φ̂0G)[1], F
agree in the following components of ch marked with ∗’s: ( ∗ · ·∗ ∗ · ). As a consequence, the
central charges Zω(Φ(Φ̂
0G)[1]), Zω(F ) agree in the terms with O(v
2) and O(v) coefficients,
which are the highest orders of magnitudes that occur in Zω.
On the other hand, we have Φ̂1G ∈ Coh≤2(X) as in (a).
(i) If dim Φ̂1G = 2, then by the same argument as in (a)(i), we know Zω(Φ(Φ̂
1G)) is O(v),
and the O(v) terms are all part of ℑZω(Φ(Φ̂
1G)), which is negative for v ≫ 0. As a
result, φ(G) ≺ φ(F ).
(ii) If dim Φ̂1G ≤ 1, then Φ̂0(F/G) also lies in Coh≤1(X). Thus Φ̂0(F/G) is a Φ-WIT1 sheaf
in Coh≤1(X), forcing Φ̂0(F/G) to be a Φ-WIT1 fiber sheaf [19, Remark 3.14, Lemma
3.15]. Hence F/G is a Φ̂-WIT0 fiber sheaf, and φ(F/G) =
1
2 . On the other hand, since
fch1(G) = fch1(F ) > 0, we have φ(G)→ 0. Hence φ(G) ≺ φ(F/G) overall.
Suppose ch0(imα) > 0. If Φ̂
0G 6= 0, then 0 < ch0(Φ̂
0G) < ch0(E), which gives µω,B(Φ̂
0G) <
µω,B(E). We still have Φ̂
1(G) ∈ Coh≤2(X), and the same argument as in part (a) above would give
φ(G) ≺ φ(F ). Therefore, let us assume Φ̂0G = 0 from now on, in which case the exact sequence
(6.2.3) reduces to
0→ E → Φ̂0(F/G)→ Φ̂1G→ 0.
Since Φ̂0G = 0, we have G = Φ(Φ̂1G) ∈W1,Φ̂ ∩ T
l and Ĝ = Φ̂G[1] ∈ Coh≤2(X) ∩W0,Φ.
(i) If dim Ĝ = 2, then ω2chB1 (Ĝ) > 0 and the computation in (a)(i) gives φ(G) → −
1
2 , which
implies φ(G) ≺ φ(F ).
(ii) If dim Ĝ ≤ 1, let us write ch(Ĝ) =
(
0 0 af
0 Θp∗η s
)
. Then chB(Ĝ) =
(
0 0 af
0 Θp∗η s+
1
2KBη
)
and hence
ch(G) =
(
0 p∗η (s+
1
2KBη)f
0 0 −a
)
. We consider the following two possibilities:
Case (1): p∗η = 0. Then G is a Φ̂-WIT1 fiber sheaf and φ(G) =
1
2 ≻ φ(F ). In this case
(6.2.4) Hom(G,F ) ∼= Hom(ΦĜ,ΦE[1]) ∼= Hom(Ĝ, E[1])
where Ĝ is a Φ-WIT0 fiber sheaf, in which case µ∗,B(Ĝ) = ∞. Thus the vanishing condition
(V) prevents this case from occurring since we are assuming G is nonzero.
Case (2): p∗η 6= 0. Then p∗η = ch1(G) is effective since G is a coherent sheaf. Since
Ĝ ∈ Coh≤1(X), the proof of Lemma 6.1.2 gives HBη > 0. Now
Zω(G) =
ω2
2 ch1(G) + iωch2(G)
= u(hu+2v)2 HBη + iu(s+
1
2KBη)
= uvHBη +O(
1
v2 ) + iu(s+
1
2KBη)
= uHBη
(
v +O( 1v ) + i ·
s+(1/2)hHBη
HBη
)
= uHBη
(
v +O( 1v ) + i
(
s
HBη
+ h2
))
= uHBη
(
v +O( 1v ) + iµ∗,B(Ĝ)
)
.(6.2.5)
On the other hand,
Zω(F ) = Zω(ΦE[1]) = ℜZω(ΦE[1]) + iℑZω(ΦE[1])
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where, for v ≫ 0 under the constraint (3.5.4),
ℜZω(ΦE[1]) =
v2
2 H
2
Bch0(E) +O(1) from 4.8.2,
ℑZω(ΦE[1]) =
(
(ω3/6)
Θω2 · ω
2chB1 (E)− ω1A3
)
from 5.1
=
(
(ω3/6)
Θω2
· ω2chB1 (E)−O(
1
v )
)
We also have Θω2 = (ha+ b)2H2B from 3.5 while
ω3
6 =
1
6u(h
2u2 + 3huv + 3v2)H2B also from 3.5
= (hu+v)(ha+b)
2
a(ha+2b) H
2
B by (3.5.4),
giving us
(ω3/6)
Θω2 =
hu+v
a(ha+2b) .
Overall,
Zω(F ) =
v2
2 H
2
Bch0(E) +O(1) + i
(
1
a(ha+2b)ω
2chB1 (E)v +O(
1
v )
)
= 12H
2
Bch0(E)
(
v2 +O(1) + i
(
2
a(ha+2b)H2
B
µω,B(E)v +O(
1
v )
))
.(6.2.6)
Comparing (6.2.5) with (6.2.6) and using the string of isomorphisms (6.2.4), we see that the
vanishing (V) ensures we have µ∗,B(Ĝ) <
2
a(ha+2b)H2
B
µω,B(E) and hence φ(G) ≺ φ(F ) in this
case.
Hence F is Z
l
-stable. ■
Remark 6.2.7. One can reasonably expect to obtain a finer version of Theorem 6.2(A) by studying
the O( 1v2 ) term in Zω(G) and the O(v) term in Zω(F ) in its proof more closely, although we will not
pursue this in this article.
6.3. For any polarisation ω on X and any B-field B ∈ A1(X), we will consider another slope function
µω,B on Coh
≤1(X) by setting, for any E ∈ Coh≤1(X),
µω,B(E) =
{
chB
3
(E)
ωchB
2
(E)
if ωchB2 (E) 6= 0
∞ if ωchB2 (E) = 0
.
It is clear that µω,B is a slope function on Coh
≤1(X) with the Harder-Narasimhan property. Let us
build on the notation in [36, Section 3.3] and define
CB(0,∞] = 〈A ∈ Coh
≤1(X) : A is µω,B-semistable and µω,B(A) ∈ (0,∞]〉.
When the B-field is zero, we will simply write C(0,∞] for C
B
(0,∞].
Lemma 6.3.1. For any B ∈ A1(X) we have CB(0,∞] ⊆ Coh
≤1(X) ∩W0,Φ.
Proof. Take any E ∈ CB(0,∞] and consider the short exact sequence in Coh(X)
0→ E′ → E → E′′ → 0
where E′ is the maximal subsheaf lying in {Coh≤0}↑. Then E′′ is necessarily a fiber sheaf all of whose
µω,B-HN factors have ch
B
3 = ch3 > 0 (note that ch
B
3 = ch3 for fiber sheaves). This implies E
′′ is
Φ-WIT0 [2, Proposition 6.38]. On the other hand, E
′ is Φ-WIT0 by [19, Remark 3.14]. Hence E itself
is Φ-WIT0. ■
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Lemma 6.4. Suppose a, b > 0 satisfy (3.5.5) and we take the B-field to be B = − 12p
∗KB. Suppose E
is a torsion-free sheaf on X with µω,B(E) > 0. Then
{T ∈ Coh≤1(X) ∩W0,Φ :T satisfies (6.2.1)}
⊆ {T ∈ Coh≤1(X) ∩W0,Φ : µ∗,B(T ) > 0}
= {T ∈ Coh≤1(X) ∩W0,Φ : T is a fiber sheaf or ch
B
3 (T ) > 0}
= {T ∈ Coh≤1(X) ∩W0,Φ : µω,B(T ) > 0}.
Proof. The inclusion in the lemma is clear. To see why the first equality is true, take any T ∈
Coh≤1(X) ∩W0,Φ.
• If T is a fiber sheaf, then µ∗,B(T ) = ∞; if T is not a fiber sheaf but ch
B
3 (T ) > 0, then
(p∗HB)ch
B
2 (T ) > 0 by 6.1.6 and hence µ∗,B(T ) > 0. This gives the inclusion ⊇ in the first
equality in the lemma.
• If µ∗,B(T ) > 0 and T is not a fiber sheaf, then (p
∗HB)ch
B
2 (T ) > 0 by 6.1.6 as before, and we
have chB3 (T ) > 0. This gives the inclusion ⊆ in the first equality.
To see why the second equality is true, take any 0 6= T ∈ Coh≤1(X) ∩W0,Φ.
• If T is a 0-dimensional fiber sheaf, then µω,B(T ) =∞. If T is a 1-dimensional fiber sheaf, then
chB3 (T ) = ch3(T ) > 0 because T is Φ-WIT0 [2, Proposition 6.38], and hence µω,B(T ) > 0.
If T is not a fiber sheaf but chB3 (T ) > 0, then T must be supported in dimension 1 and
µω,B(T ) > 0. This proves the inclusion ⊆ in the second equality in the lemma.
• If µω,B(T ) > 0 and T is not a fiber sheaf, then T must be supported in dimension 1, i.e.
ωchB2 (T ) > 0, giving us ch
B
3 (T ) > 0. This proves the inclusion ⊇ in the second equality.
■
Remark 6.4.1. By Lemma 6.4, if E is a torsion-free sheaf onX with µω,B(E) > 0, then the vanishing
condition (V) in Theorem 6.2(A) follows from the vanishing condition
(V’) Given any T ∈ Coh≤1(X) ∩W0,Φ satisfying µω,B(T ) > 0, that comes with some morphism
α ∈ Hom(T,E[1]) such that Φα is a Bl-injection, T must be zero.
Corollary 6.5. Let p : X → B be a Weierstraß elliptic threefold satisfying assumptions (1)-(3) in
2.1. Fix any a, b > 0 satisfying (3.5.5), and fix the B-field B = − 12p
∗KB. Then for any µω,B-stable
torsion-free sheaf E satisfying µω,B(E) > 0 and the vanishing
(6.5.1) Hom(CB(0,∞], E[1]) = 0,
the object ΦE[1] lies in Bl and is Z
l
-stable.
Proof. By Remark 6.4.1 and Theorem 6.2(A), it suffices to show that the vanishing (6.5.1) implies the
vanishing (V’) for any E as described.
Take any T ∈ Coh≤1(X) ∩W0,Φ with µω,B(T ) > 0, and let T
′ be the left-most µω,B-HN factor of
T . Then T ′, if nonzero, is a µω,B-semistable sheaf with µω,B(T
′) > 0, and so T ′ lies in CB(0,∞]. From
Lemma 6.3.1, we know T ′ is Φ-WIT0. Thus all the terms are Φ-WIT0 in the short exact sequence of
sheaves
0→ T ′
γ
→ T → T/T ′ → 0,
and applying Φ gives the exact sequence of sheaves in Coh(p)≤1
0→ T̂ ′
Φγ
−→ T̂ → T̂/T ′ → 0
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which is also a Bl-short exact sequence since Coh(p)≤1 is contained in B
l by 4.5(i). In particular, T̂ ′ is
a Bl-subobject of T̂ .
Now suppose we have a morphism α ∈ Hom(T,E[1]) such that Φα is a Bl-injection. From the
previous paragraph, we have Bl-injections
T̂ ′
Φγ
−→ T̂
Φα
−→ ΦE[1].
The composition (Φα)(Φγ) = Φ(αγ) is a morphism T̂ ′ → ΦE[1], i.e. αγ is a morphism T ′ → E[1],
which must be zero by the vanishing (6.5.1). This implies that T̂ ′ must be zero, i.e. T ′ must be
zero, i.e. T must be zero. Hence E satisfies the vanishing (V’) as desired, finishing the proof of this
corollary. ■
Remark 6.6. If we replace CB(0,∞] with C
B
[0,∞] (the additional objects being µω,B-semistable sheaves A
with µω,B(A) = 0) and choose the B-field to be zero, then the vanishing condition (6.5.1) is satisfied
by the left cohomologyH−1(E), for any E lying in the category CohLµ(X) studied by Toda [36, Section
4]. The objects E in CohLµ (X) are 2-term complexes that give rise to ‘L-invariants’, and their right
cohomology H0(E) lie in C[0,∞].
Corollary 6.7. Let p : X → B be a Weierstraß elliptic threefold satisfying assumptions (1)-(3) in
2.1. Fix any a, b > 0 satisfying (3.5.5), and fix the B-field B = − 12p
∗KB. Suppose E is a µω,B-stable
(torsion-free) reflexive sheaf. Then ΦE[1] lies in Bl and is a Z
l
-stable object.
Proof. For any torsion-free reflexive sheaf E on a threefold X , we have the vanishing
Hom(Coh≤1(X), E[1]) = 0
by [10, Lemma 4.20], and so E satisfies the vanishing condition (V). ■
6.8. In preparation for proving Theorem 6.2(B), we need to understand Z
l
-semistable objects a little
more. All the following lemmas have appeared in [20, Section 5] before, where they were proved for
the case of the product elliptic threefold.
Lemma 6.8.1. Coh≤0(X),Coh(p)0,Coh
≤1(X) are all Serre subcategories of Bl.
Proof. By parts (1)(a) and (2)(a) of Lemma 4.3, we can interpret Bl as the category of all E ∈
Db(X) such that E ∈ Bω for all v ≫ 0 while u, v > 0 are subject to the constraint (3.5.4). Since
Coh≤0(X),Coh(p)0,Coh
≤1(X) are all Serre subcategories of Bω for any ample class ω, the lemma
follows. ■
Lemma 6.8.2. The category 〈Coh≤1(X),F l,0[1]〉 is a torsion class in Bl.
Proof. The proof of [20, Lemma 5.5] carries over, with Lemma 6.8.1 playing the role of [20, Lemma
5.4]. ■
We now define
A• = Coh
≤0(X)
A•,1/2 = 〈Coh
≤1(X),W0,Φ̂ ∩ Coh(p)≤1,F
l,0[1]〉
= 〈
+
+
+
∗
+ ∗
+ ∗
+ ∗
+
0
+
−
,F l,0[1]〉.
Lemma 6.8.3. A•,1/2 is closed under quotient in Bl, and every object in this category satisfies φ→
1
2 .
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Proof. The lemma follows from the same argument as in the proof of [20, Lemma 5.7], with ch10
replaced with fch1, Lemma 6.8.2 playing the role of [20, Lemma 5.5], and 4.5(iv) playing the role of
[20, Remark 4.4(iv)]; the phase computations needed in the argument come from 5.6. ■
Lemma 6.8.4. Suppose F ∈ Bl is a Z
l
-semistable object and fch1(F ) > 0. Then the vanishing
Hom(Coh≤2(X), Φ̂F ) = 0 holds. In particular, if F = ΦE[1] for some coherent sheaf E, then E is a
torsion-free sheaf.
Proof. The argument in the proof of [20, Lemma 5.8] still works, with ch10 replaced with fch1, and
using 4.9(iv) and Lemma 6.8.3 instead of [20, Lemma 4.10] and [20, Lemma 5.7], respectively. ■
Lemma 6.8.5. Suppose F ∈ Bl is Z
l
-semistable and fch1(F ) > 0. Let F1 denote the Φ̂-WIT1 part of
H0(F ). Then F̂1 = Φ̂F1[1] lies in Coh
≤1(X).
Proof. The same argument as in the proof of [20, Lemma 5.9] shows F1 ∈ W1,Φ̂ ∩ Coh(p)≤1, and
that we have a Bl-surjection F ։ F1. Let us write ch(F1) =
(
0 p∗S af
0 Θp∗η s
)
. By Lemma 5.4, we have
Θp∗(HBη) = HBη ≤ 0.
If HBη < 0, then φ(F1) → −
1
2 , meaning F1 destabilises F . Hence HBη = 0 must hold. On the
other hand, since F1 is Φ̂-WIT1, it follows that p
∗η is an effective divisor class on X . Now, for any
ample divisor of the form Θ+ vp∗HB we have
(Θ + vp∗HB)
2p∗η = Θp∗(KBη) + 2vΘp
∗(HBη)
= (h+ 2v)Θp∗(HBη)
= 0,
which means p∗η = 0 in A1(X). Thus ch(Φ̂F1) = ( 0 0 ∗0 ∗ ∗ ), i.e. Φ̂F1[1] lies in Coh
≤1(X) as claimed. ■
Proof of Theorem 6.2(B). The proof of [20, Theorem 5.1B] still applies, with the roles of [20, Lemma
5.8] and [20, Lemma 5.9] played by Lemmas 6.8.4 and 6.8.5, respectively. ■
7. HARDER-NARASIMHAN PROPERTY OF LIMIT TILT STABILITY
We establish the Harder-Narasimhan property of Z
l
-stability on Bl in this section. The idea is to
decompose the heart Bl into a torsion quadruple (7.3.1) first, and then show that each of the four
components satisfies a finiteness property (Proposition 7.4).
Lemma 7.1.
(a) A• and Coh(p)0 are both Serre subcategories of Bl and torsion classes in Bl.
(b) A•,1/2 is a torsion class in Bl.
Proof. (a) That A•,Coh(p)0 are Serre subcategories of Bl was already proved in 6.8.1. The argument
in [20, Lemma 6.1(b)] shows that, given an ascending chain in Bl
U1 ⊆ U2 ⊆ · · · ⊆ Um ⊆ · · · ⊆ E
′
for some fixed E′, where the Ui all lie in A• (resp. Coh(p)0), the Ui must stabilise; this means that
any object in Bl has a maximal subobject in A• (resp. Coh(p)0). Hence A•,Coh(p)0 are both torsion
classes in Bl.
(b) The argument in the proof of [20, Lemma 6.1(b)] carries over, with Lemma 6.8.3 playing the
role of [20, Lemma 5.7]. ■
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We now define
A•,1/2,0 = 〈A•,1/2,
+ ∗
0 ∗
, ∗ ∗
+ ∗ ∗
, + ∗ ∗
+ ∗ ∗
,F l,−[1]〉
= 〈F l[1],
+
+
+
∗
+ ∗
+ ∗
+ ∗
∗ ∗
+ ∗ ∗
+ ∗ ∗
+ ∗ ∗
+
0
+ ∗
0 ∗
+
−
〉.
From the computations in 5.6, all the objects in A•,1/2,0 have either φ →
1
2 or φ → 0. (The computa-
tion in 5.6(iv) applies to + ∗ ∗
+ ∗ ∗
as well.)
7.2. We want to show that A•,1/2,0 is a torsion class in B
l. In order to do this, we need to make
sure the results on decomposing categories and torsion classes in [20, Appendix A] all hold for our
Weierstraß threefolds.
Lemma 7.2.1.
(7.2.2) Coh(p)≤1 =
〈
Coh≤1(X),
+ ∗
+ ∗
+ ∗
0 ∗
+ ∗
− ∗
〉
.
Proof. Take any F ∈ Coh(p)≤1; we want to show that F lies in the extension closure on the right-
hand side of (7.2.2). To this end, we can assume that F has no subsheaves in 〈Coh≤1(X), + ∗
+ ∗
〉,
i.e. we can assume F is a pure 2-dimensional Φ̂-WIT1 sheaf. Suppose ch(F ) =
(
0 p∗S af
0 Θp∗η s
)
. Then
(p∗HB)ch2(F ) = HBη ≤ 0 by Lemma 5.4. If HBη < 0, then F would lie in + ∗− ∗ , and so we can
assume HBη = 0. The argument in the second half of the proof of Lemma 6.8.5 now shows p
∗η = 0
in A1(X), i.e. Φ̂F [1] ∈ Coh≤1(X) ∩W0,Φ. The argument in the proof of [20, Lemma A.1] then shows
F must lie in the right-hand side of (7.2.2). ■
7.2.3. Adding to the definitions in 5.5, let us set
+ ∗ ∗
+ ∗ ∗
= Coh3(p)2 ∩W0,X
+ ∗ ∗
0 ∗ ∗
= {E ∈ Coh3(p)2 ∩W1,X : fch1(E) = 0}
+ ∗ ∗
− ∗ ∗
= {E ∈ Coh3(p)2 ∩W1,X : fch1(E) < 0}.
Using Lemma 5.4, the following claims all have the same proofs as their counterparts in [20, Appendix
A]:
(i) [20, Lemma A.2]: Coh≤2(X) =
〈
Coh(p)≤1(X), ∗ ∗+ ∗ ∗
〉
.
(ii) [20, Lemma A.3]: Coh(X) =
〈
Coh≤2(X),
+ ∗ ∗
+ ∗ ∗
+ ∗ ∗
0 ∗ ∗
+ ∗ ∗
− ∗ ∗
〉
.
(iii) [20, Lemma A.4]: Every category in the nested sequence
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+
⊂
+
+
+
⊂
+
+
+
+
0
⊂
+
+
+
+
0
+
−
⊂
+
+
+
∗
+ ∗
+
0
+
−
⊂
+
+
+
∗
+ ∗
+ ∗
+ ∗
+
0
+
−
⊂
+
+
+
∗
+ ∗
+ ∗
+ ∗
+
0
+ ∗
0 ∗
+
−
⊂
+
+
+
∗
+ ∗
+ ∗
+ ∗
+
0
+ ∗
0 ∗
+
−
+ ∗
− ∗
⊂
+
+
+
∗
+ ∗
+ ∗
+ ∗
∗ ∗
+ ∗ ∗
+
0
+ ∗
0 ∗
+
−
+ ∗
− ∗
⊂
+
+
+
∗
+ ∗
+ ∗
+ ∗
∗ ∗
+ ∗ ∗
+ ∗ ∗
+ ∗ ∗
+
0
+ ∗
0 ∗
+
−
+ ∗
− ∗
⊂
+
+
+
∗
+ ∗
+ ∗
+ ∗
∗ ∗
+ ∗ ∗
+ ∗ ∗
+ ∗ ∗
+
0
+ ∗
0 ∗
+ ∗ ∗
0 ∗ ∗
+
−
+ ∗
− ∗
⊂
+
+
+
∗
+ ∗
+ ∗
+ ∗
∗ ∗
+ ∗ ∗
+ ∗ ∗
+ ∗ ∗
+
0
+ ∗
0 ∗
+ ∗ ∗
0 ∗ ∗
+
−
+ ∗
− ∗
+ ∗ ∗
− ∗ ∗
(iv) [20, Lemma A.5]: Every category in the nested sequence
+
+
+
∗
+ ∗
+ ∗
+ ∗
+
0
+
−
⊂
+
+
+
∗
+ ∗
+ ∗
+ ∗
∗ ∗
+ ∗ ∗
+
0
+
−
⊂
+
+
+
∗
+ ∗
+ ∗
+ ∗
∗ ∗
+ ∗ ∗
+
0
+ ∗
0 ∗
+
−
⊂
+
+
+
∗
+ ∗
+ ∗
+ ∗
∗ ∗
+ ∗ ∗
+ ∗ ∗
+ ∗ ∗
+
0
+ ∗
0 ∗
+
−
is a torsion class in Coh(X).
(v) [20, Remark A.6]: W0,Φ̂ ⊂ A•,1/2,0 and A
◦
•,1/2,0 ⊂W1,Φ̂ ∩ T
l.
This series of claims gives, with the same proof as [20, Lemma 6.2], the following lemma:
Lemma 7.2.4. A•,1/2,0 is a torsion class in Bl.
7.3. By Lemmas 7.1 and 7.2.4, we now have a nested sequence of torsion classes in Bl
A• ⊂ A•,1/2 ⊂ A•,1/2,0
which gives the torsion quadruple in Bl
(7.3.1)
(
A•, A•,1/2 ∩ A
◦
•, A•,1/2,0 ∩A
◦
•,1/2, A
◦
•,1/2,0
)
.
That is, every object E ∈ Bl has a filtration
E0 ⊆ E1 ⊆ E2 ⊆ E3 = E
in Bl where
• E0 ∈ A•,
• E1/E0 ∈ A•,1/2 ∩A
◦
•,
• E2/E1 ∈ A•,1/2,0 ∩ A
◦
•,1/2
• E3/E2 ∈ A
◦
•,1/2,0.
In the remainder of this section, we will show that this filtration in Bl refines to the Harder-Narasimhan
filtration with respect to Z
l
-stability.
Proposition 7.4. The following finiteness properties hold:
(1) For A = A•,1/2 ∩ A◦•:
(a) There is no infinite sequence of strict monomorphisms in A
(7.4.1) · · · →֒ En →֒ · · · →֒ E1 →֒ E0
where φ(Ei+1) ≻ φ(Ei) for all i.
(b) There is no infinite sequence of strict epimorphisms in A
(7.4.2) E0 ։ E1 ։ · · ·։ En ։ · · · .
(2) For A = A•,1/2,0 ∩A◦•,1/2:
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(a) There is no infinite sequence of strict monomorphisms (7.4.1) in A.
(b) There is no infinite sequence of strict epimorphisms (7.4.2) in A.
(3) For A = A◦
•,1/2,0:
(a) There is no infinite sequence of strict monomorphisms (7.4.1) in A.
(b) There is no infinite sequence of strict epimorphisms (7.4.2) in A.
Proof. Let us start by fixing some notation. For the proofs of part (a)’s, we will let Gi denote the
cokernel of Ei+1 →֒ Ei, so that we have a B
l-short exact sequence
(7.4.3) 0→ Ei+1 → Ei → Gi → 0
for each i. For the proofs of part (b)’s, we will let Ki denote the kernel of Ei ։ Ei+1, so that we have
a Bl-short exact sequence
(7.4.4) 0→ Ki → Ei → Ei+1 → 0
for each i. Since fch1 ≥ 0 on B
l, in the proof of either part (a) or part (b) for (1), (2) and (3) we can
always assume fch1(Ei) is constant, and that fch1(Gi) = 0 or fch1(Ki) = 0 for all i. Note that this
further implies fch1(H
j(Gi)) = 0 = fch1(H
j(Ki)) for all i, j.
(1)(a): The first part of the argument for [20, Proposition 6.3(1)(a)] applies here, and says that
we can assume the H−1(Ei) are constant and the H
−1(Gi) are zero. Hence we have a short exact
sequence of sheaves
(7.4.5) 0→ H0(Ei+1)→ H
0(Ei)→ H
0(Gi)→ 0
for each i.
From the definition of A•,1/2 we can see that for any A ∈ A•,1/2, the sheaf H
0(A) lies in the
category Coh(p)≤1, and so ch1(H
0(A)) is effective. Given the short exact sequence (7.4.5), it follows
that for any fixed ample divisor ω on X the sequence ω2ch1(H
0(Ei)) is a decreasing sequence of
nonnegative real numbers that eventually becomes constant, meaning ω2ch1(H
0(Gi)) = 0 for i ≫ 0,
in which case H0(Gi) ∈ Coh
≤1(X). This implies that φ(Gi) =
1
2 , which cannot happen under the
assumption φ(Ei+1) ≻ φ(Ei). Hence an infinite chain of monomorphisms as described in (1)(a)
cannot exist.
(1)(b): The idea is to replace the positivity result ‘HDch01 ≥ 0 on A•,1/2’ in the proof of [20,
Proposition 6.3(1)(b)] by the positivity in Lemma 7.5.
From the long exact sequence of cohomology of (7.4.4), we see that theH0(Ei) eventually stabilise,
so we can assume they are constant, and the long exact sequence reduces to
0→ H−1(Ki)→ H
−1(Ei)→ H
−1(Ei+1)→ H
0(Ki)→ 0.
As in the proof of [20, Proposition 6.3(1)(b)], by considering rk (H−1(Ei)) we see that H
−1(Ki)
vanishes for i ≫ 0, and so we can assume H−1(Ki) = 0 and Ki = H
0(Ki) for all i by omitting a
finite number of terms. Now, by Lemma 7.5 below, the sequence of real numbers Θ(p∗HB)ch1(Ei)
is decreasing and must eventually become constant, in which case Θ(p∗HB)ch1(Ki) = 0. The same
argument as in the proof of Lemma 6.8.5 will then show ch1(Ki) = 0, i.e. Ki ∈ Coh
≤1(X). This
implies that all the H−1(Ei) are isomorphic in codimension 1, and so we have the sheaf inclusions
H−1(Ei) →֒ H
−1(Ei+1) →֒ H
−1(Ei+1)
∗∗
whereH−1(Ei+1)
∗∗ is independent of i. Hence the H−1(Ei) stabilise, and the Ei themselves stabilise.
(2)(a) Replacing ch10 with fch1, the argument for [20, Proposition 6.3(2)(a)] gives us the follow-
ing:
• The H−1(Ei) stabilise, and so we can assume they are constant.
• For all i, we can assume H−1(Gi) = 0 and that Gi = H
0(Gi) is a Φ̂-WIT1 pure 2-dimensional
sheaf.
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We now have the following exact sequence of sheaves from (7.4.3)
0→ H0(Ei+1)→ H
0(Ei)→ H
0(Gi)→ 0
for all i. Applying Φ̂, we obtain the short exact sequence of sheaves
0→ Φ̂1(H0(Ei+1))→ Φ̂
1(H0(Ei))→ Φ̂
1(H0(Gi))→ 0
in which all the terms lie in Coh≤1(X) as a result of Lemma 7.6. Then by Lemma 7.7, we have
(p∗HB)ch2(Φ̂
1(H0(Gi))) = 0 for i≫ 0; from the proof of Lemma 7.7, this further implies Φ̂
1(H0(Gi))
is a fiber sheaf, i.e. Gi itself is a fiber sheaf. Since we observed above that Gi is a pure 2-dimensional
sheaf, this means Gi must be zero, i.e. the Ei stabilise.
(2)(b) As in the proof of [20, Proposition 6.3(2)(b)], we can assume the H0(Ei) are constant, and
Ki = H
0(Ki) is a pure 2-dimensional Φ̂-WIT1 sheaf for all i. Hence we have the exact sequence of
cohomology
0→ H−1(Ei)→ H
−1(Ei+1)→ H
0(Ki)→ 0.
Applying Φ̂ then gives the exact sequence of sheaves
(7.4.6) 0→ ̂H−1(Ei)→ ̂H−1(Ei+1)→ Ĥ0(Ki)→ 0
where Ĥ0(Ki) ∈ Coh
≤1(X) by Lemma 7.6. We claim that ̂H−1(Ei) is torsion-free for all i. To see this,
fix any i and suppose ̂H−1(Ei) has a subsheaf T lying in Coh
≤2(X). Let Ti denote the Φ-WITi part of
T . Then we have an injection of sheaves T0 →֒ ̂H−1(Ei) the cokernel of which is Φ-WIT0, and so this
injection is taken by Φ to the injection of sheaves T̂0 →֒ H
−1(Ei). Note that fch1(T̂0) = −ch0(T0) = 0.
On the other hand, since T̂0 is a subsheaf of H
−1(Ei), which lies in F
l,− (because Ei ∈ A
◦
•,1/2), it
follows that T̂0 ∈ F
l,− and fch1(T̂0) < 0 if T̂0 is nonzero. Thus T0 must vanish, i.e. T = T1 lies in
Coh(p)≤1 ∩W1,Φ. Then T̂ = ΦT [1] ∈ Coh(p)≤1 ∩W0,Φ̂, which is contained in A•,1/2. Now
Hom(T, ̂H−1(Ei)) ∼= Hom(ΦT,Φ ̂H−1(Ei))
∼= Hom(T̂ [−1], H−1(Ei))
∼= Hom(T̂ , H−1(Ei)[1])
= 0
where the last equality holds because Ei ∈ A
◦
•,1/2. Thus T itself must be zero, i.e.
̂H−1(Ei) is torsion-
free.
From the exact sequence (7.4.6), we now have the sheaf inclusions
̂H−1(Ei) →֒ ̂H−1(Ei+1) →֒ ( ̂H−1(Ei+1))
∗∗
for all i, where ( ̂H−1(Ei+1))∗∗ is independent of i. Hence theH−1(Ei) stabilise, and theEi themselves
stabilise.
(3)(a) By 7.2.3(v), all the objects Ei, Gi lie inW1,Φ̂ ∩ T
l. The proof of [20, Proposition 6.3(3)(a)]
applies once we replace ‘HDch01’ in the proof by ‘ω
2ch1’, for any ample class ω on X .
(3)(b) The proof of [20, Proposition 6.3(3)(b)] applies. ■
Lemma 7.5. For any A ∈ A•,1/2 we have Θ(p∗HB)ch1(A) ≥ 0.
Proof. Take any A ∈ A•,1/2. From the definition of A•,1/2, it is clear that H0(A) ∈ Coh(p)≤1 and
ch1(H
0(A)) is effective. Lemma 4.1 then gives Θ(p∗HB)ch1(H
0(A)) ≥ 0.
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Also from the definition of A•,1/2, we know fch1(H
−1(A)) = 0, and so ch1(H
−1(A)) = p∗η for
some η ∈ A1(B) by assumption (2.1.1). Then for u, v > 0 satisfying (3.5.4) and for v ≫ 0, we have
0 ≥ ω2ch1(H
−1(A)) by Lemma 4.3(1)(a)
= ω2p∗η
= u(hu+ 2v)Θp∗(HBη).
Hence Θ(p∗HB)ch1(H
−1(A)) ≤ 0. Overall, we have Θ(p∗HB)ch1(A) ≥ 0. ■
Lemma 7.6. For anyA ∈ A•,1/2,0, if we letA1 denote the Φ̂-WIT1 part ofH0(A), then Â1 ∈ Coh
≤1(X).
Proof. The proof of [20, Lemma 6.4] applies without change. ■
Lemma 7.7. For any A ∈ Coh≤1(X), we have (p∗HB)ch2(A) ≥ 0.
Proof. Take any A ∈ Coh≤1(X) and write ch2(A) = Θp∗η + af where η ∈ A1(B), a ∈ Q. By Lemma
6.1.1, η is an effective divisor class on B. Thus 0 ≤ HBη = (p
∗HB)ch2(A). ■
7.8. We will now write
A1/2 = A•,1/2 ∩A
◦
•
A0 = A•,1/2,0 ∩ A
◦
•,1/2
A−1/2 = A
◦
•,1/2,0.
This way, the torsion quadruple (7.3.1) in Bl can be rewritten as
(A•, A1/2, A0, A−1/2).
With the same proofs as their counterparts in [20], we now have the following results that alto-
gether establish the Harder-Narasimhan property for Z
l
-stability on Bl.
Lemma 7.9. For i = 12 , 0,−
1
2 , and any F ∈ Ai, we have φ(F )→ i.
Proof. The proof of [20, Lemma 6.5] essentially applies, with the intersection numbers H2ch10, Dch11
in that proof replaced with fch1, (p
∗HB)ch2, respectively.
Here, we point out the slight modifications needed for the case of F ∈ A−1/2. As in the proof of
[20, Lemma 6.5], when F ∈ A−1/2 we have F = H
0(F ) ∈ W1,Φ̂∩T
l and F has a filtration in Coh(X)
M0 ⊆M1 = F
where M1/M0 ∈ T
l,0, while M0 is a Φ̂-WIT1 pure 2-dimensional sheaf. Let us write ch2(M0) =
Θp∗η + af . SinceM0 is Φ̂-WIT1, we know (p
∗HB)ch2(M0) = HBη ≤ 0 from Lemma 5.4, and that p
∗η
is effective.
Suppose (p∗HB)ch2(M0) = HBη = 0. Then η = 0 by Corollary 4.2, in which case M̂0 ∈ Coh
≤1(X).
By the same argument as in the last part of the proof of [20, Lemma A.1], this implies M0 itself lies
in the extension closure 〈Coh(p)0, + ∗0 ∗ 〉, i.e. M0 ∈ A•,1/2,0. Being a subsheaf of F , we know M0 also
lies in A◦
•,1/2,0, forcingM0 = 0. Hence we must have (p
∗HB)ch2(M0) < 0, i.e. M0 ∈ + ∗− ∗ . Then from
the computations in 5.6 we obtain φ(F )→ − 12 . ■
Lemma 7.10. An object F ∈ A◦• is Z
l
-semistable in Bl iff, for some i = 12 , 0,−
1
2 , we have:
• F ∈ Ai;
• for any strict monomorphism 0 6= F ′ →֒ F in Ai, we have φ(F ′)  φ(F ).
Proof. See [20, Lemma 6.6]. ■
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Theorem 7.11. The Harder-Narasimhan property holds for (Zω,Bl). That is, every object F ∈ Bl
admits a filtration in Bl
F0 ⊆ F1 ⊆ · · · ⊆ Fn = F
where each subfactor Fi+1/Fi is Z
l
-semistable, and φ(Fi/Fi−1) ≻ φ(Fi+1/Fi) for each i.
Proof. See [20, Theorem 6.7]. ■
We also have the following analogue of [20, Lemma 7.1] with the same proof:
Lemma 7.12. Suppose a, b > 0 are fixed and satisfy (3.5.5). Let ω be an ample divisor of the form
(3.5.3) with v, u > 0 satisfying (3.5.4). Suppose E ∈ Db(X) is such that, for some v0 > 0, we have
E ∈ Bω and E is νω-(semi)stable for all v > v0. Then E ∈ Bl and E is Z
l
-(semi)stable.
8. LIMIT STABILITY FOR TWO-DIMENSIONAL COMPLEXES VANISHING ON THE GENERIC FIBER
In the rest of this article, we will focus on coherent sheaves on the Weierstraß threefold X that
vanish on the generic fiber of the fibration p : X → B; these include coherent sheaves supported in
dimension 1 or less, i.e. sheaves supported on curves lying on the threefold X .
In this section, we restrict the central charge Zω,B as in (2.2.12) to the category D
b
p(X) of com-
plexes that vanish on the generic fiber of p. Following the approach taken in Sections 3 and 4, we can
take a limit in the polarisation ω and define a limit stability on the category Dbp(X); intuitively, this is
akin to taking a limit of Bridgeland stability conditions on singular surfaces, even though we do not
have the existence of Bridgeland stability conditions on arbitrary singular surfaces at present.
8.1. A surface-like triangulated category. Let p : X → B be a Weierstraß threefold as in 2.1. In
the remainder of this article, we will simply write Coh(p) to denote Coh(p)≤1. Recall that Coh(p)
is precisely the category of coherent sheaves that vanish on the generic fiber of p, and is a Serre
subcategory of Coh(X). We will also define the full subcategory of Db(X)
Dbp(X) = {E ∈ D
b(X) : Hi(E) ∈ Coh(p) for all i}.
Then Dbp(X) is a triangulated subcategory of D
b(X), and the heart of the standard t-structure on
Dbp(X) is Coh(p). The category Coh(p) behaves like Coh(Y ) for a projective surface Y in various
ways, while the same can be said about Dbp(X) and D
b(Y ). Any coherent sheaf E in Coh(p) is a
torsion sheaf on X that vanishes on the generic fiber, and so satisfies fch1(E) = 0, meaning ch(E) is
of the form ( 0 ∗ ∗0 ∗ ∗ ). As a result, every object of D
b
p(X) also has Chern character of the form (
0 ∗ ∗
0 ∗ ∗ ).
Our next task is to define a tilt of Coh(p) and define a notion of limit stability on the tilt. The
construction will be similar to that of limit tilt stability in Section 4. To this end, we need to identify
a curve along which to take a limit in the polarisation ω, only this time, we need the curve to yield a
limit stability that is compatible with slope stability for 1-dimensional sheaves via the Fourier-Mukai
transform Φ.
8.2. Suitable twists for Chern characters. Take any object E ∈ Dbp(X) and suppose
(8.2.1) ch(E) =
(
0 p∗S af
0 Θp∗η s
)
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where S, η ∈ A1(B) and a, s ∈ Q. For any D ∈ A1(B),
chp
∗D(E) = e−p
∗Dch(E)
= (1 − p∗D + p
∗D
2
2 )ch(E)
= ch1(E) + ch2(E) − (p
∗D)(p∗S) + ch3(E)−Θ(p
∗D)(p∗η)
=
(
0 p∗S (a−DS)f
0 Θp∗η s−Dη
)
= ch(E)−
(
0 0 (DS)f
0 0 Dη
)
.
On the other hand,
ch(ΦE) =
(
0 p∗η (s+ 12Θp
∗(KBη))f
0 −Θp∗S −(a+ 12Θp
∗(KBS))
)
.
and so for any D ∈ A1(B) we have
chp
∗D(ΦE) =
(
0 p∗η (s+ 12Θp
∗(KBη)−Dη)f
0 −Θp∗S −(a+ 12Θp
∗(KBS)) +DS
)
.
As a result, whenever D,D ∈ A1(B) are related by
(8.2.2) D = D − 12KB,
we have
(8.2.3) chp
∗D(ΦE) =
(
0 p∗η (s−Dη)f
0 −Θp∗S −a+DS
)
.
In summary, whenever we have an objectE ∈ Dbp(X), the transformation from ch
p∗D(E) to chp
∗D(ΦE)
is to ‘swap the two rows and change the signs of the second row’ (ignoringΘ and f in the expressions),
as is the rule for going from ch(E) to ch(ΦE) when X is the product elliptic threefold in [20].
8.3. A curve along which to take limit in the polarisation. Consider polarisations onX of the form
ω = yΘ+ p∗HB and ω = uΘ+ p
∗ĤB
where y, u > 0 and HB, ĤB are polarisations on B. Also, suppose E ∈ Coh
≤1(X) and ch(E) is of the
form (8.2.1). Then p∗S is effective and p∗S = 0; the projection formula then gives 0 = p∗(Θ(p
∗S)) =
S. Then
ωchp
∗D
2 (E) = (yΘ+ p
∗HB)(Θp
∗η + af)
= Θ(p∗η)p∗(yKB +HB) + ya
and
(8.3.1) µω,p∗D(E) =
chp
∗D
3 (E)
ωchp
∗D
2 (E)
=
s−Dη
Θ(p∗η)p∗(yKB +HB) + ya
.
On the other hand, assuming (8.2.2), we have
ω2
2 ch
p∗D
1 (ΦE) =
1
2 (u
2Θp∗KB + 2uΘp
∗ĤB)(p
∗η)
= u2Θ(p
∗η)p∗(uKB + 2ĤB) while
ωchp
∗D
2 (ΦE) = u(s−Dη) from (8.2.3) since S = 0.
FOURIER-MUKAI TRANSFORMS OF STABLE SHEAVES ON WEIERSTRASS ELLIPTIC THREEFOLDS 33
It follows that
Zω,p∗D(ΦE) = −ch
p∗D
3 (ΦE) +
ω2
2 ch
p∗D
1 (ΦE) + iωch
p∗D
2 (ΦE)
= a+ u2Θ(p
∗η)p∗(uKB + 2ĤB) + iu(s−Dη).(8.3.2)
As in 3.4, we would be able to compare the µω,p∗D-stability of a 1-dimensional sheaf E and the
Zω,p∗D-stability of ΦE for an appropriate limit in ω if we have the numerical equivalence of cycles on
X
(8.3.3)
Θp∗(yKB +HB)
y
≡
u
2
Θp∗(uKB + 2ĤB).
And as in Case (b) in 3.5, let us consider the solution to this equivalence where KB ≡ hHB as cycles
on B for some ample class HB on B and some h ∈ R; such a solution exists when B is a Fano surface
or an Enriques surface. We will also set
HB = zHB, ĤB = vHB for some z, v > 0
(note the slight change of notation from 3.5) so that ω, ω are now written as
(8.3.4) ω = yΘ+ zp∗HB, ω = uΘ+ vp
∗HB.
Then the numerical equivalence (8.3.3) would follow from the equation
(8.3.5) h+
z
y
=
1
2
u(hu+ 2v).
Under this constraint, as v →∞ we have O(u) = O( 1v ).
Note that the curve (8.3.5) is independent of the twists by the B-fields p∗D and p∗D. Since we will
be considering the case u > 0, v ≫ 0 later on, we will assume from now on that
(8.3.6) h+
z
y
> 0.
Remark 8.3.7. When h = 0 as in the case of B being a numericallyK-trivial surface, the curve (8.3.5)
reduces to z/y = uv, which is the same as the curve used in defining limit stability in the product case
[20], where X = C × S with C being a smooth elliptic curve and S a K3 surface, and where X is
considered as a trivial elliptic fibration over S via the second projection.
8.4. Slope functions on Coh(p). Fix any ample class HB on B and any divisor D on B. Take any
object F ∈ Coh(p) and suppose
(8.4.1) ch(F ) =
(
0 p∗S˜ a˜f
0 Θp∗η˜ s˜
)
where S˜, η˜ ∈ A1(B) and a˜, s˜ ∈ Q. Then
chp
∗D(F ) =
(
0 p∗S˜ (a˜−DS˜)f
0 Θp∗η˜ s˜−Dη˜
)
.
Since chp
∗D
1 (F ) is effective, from Corollary 4.2 we have:
• Θ(p∗HB)ch
p∗D
1 (F ) = Θ(p
∗HB)(p
∗S˜) ≥ 0.
• Θ(p∗HB)ch
p∗D
1 (F ) is zero if and only if ch
p∗D
1 (F ) itself is zero.
In case chp
∗D
1 (F ) = 0, the sheaf F would be supported in dimension at most one, in which case η˜ is
an effective divisor class on B by Lemma 6.1.1 and HB η˜ = (p
∗HB)ch
p∗D
2 (F ) ≥ 0. Consequently, the
function
µp∗HB ,p∗D(F ) :=

(p∗HB)ch
p∗D
2
(F )
Θ(p∗HB)ch
p∗D
1
(F )
if chp
∗D
1 (F ) 6= 0
∞ if chp
∗D
1 (F ) = 0
for F ∈ Coh(p)
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is a slope-like function on the noetherian abelian category Coh(p) in the sense of [21, Section 3.2]
and has the Harder-Narasimhan property.
On the other hand, fix any m > 0 such that Θ+mp∗HB is an ample class on X . Then the function
µΘ+mp∗HB ,p∗D(F ) :=

(Θ+mp∗HB)ch
p∗D
2
(F )
Θ(p∗HB)ch
p∗D
1
(F )
if chp
∗D
1 (F ) 6= 0
∞ if chp
∗D
1 (F ) = 0
for F ∈ Coh(p)
is another slope-like function on Coh(p) in the sense of [21, Section 3.2] with the Harder-Narasimhan
property.
For any ample class ω on X of the form (8.3.4), i.e.
ω = uΘ+ vp∗HB
where u, v > 0, let us define the slope function on Coh(p)
µω,p∗D(F ) =
ωchp
∗D
2 (F )
ω2chp
∗D
1 (F )
where F ∈ Coh(p), which also has the HN property. This allows us to define the subcategories of
Coh(p)
T (p)ω,p∗D = 〈F ∈ Coh(p) : F is µω,p∗D-semistable, µω,p∗D(F ) > 0〉
F(p)ω,p∗D = 〈F ∈ Coh(p) : F is µω,p∗D-semistable, µω,p∗D(F ) ≤ 0〉.
The context will always make clear the distinction between the above slope function µω,p∗D onCoh(p),
and the slope function µω,B on Coh(X) defined in 2.2.9. Observing
ω2chp
∗D
1 (F ) = u(hu+ 2v)Θ(p
∗HB)(p
∗S˜) = u(hu+ 2v)Θ(p∗HB)ch
p∗D
1 (F ),
we can decompose µω,p∗D(F ) as
µω,p∗D(F ) =
(u(Θ+mp∗HB)+(v−mu)p
∗HB)ch
p∗D
2
(F )
u(hu+2v)Θ(p∗HB)ch
p∗D
1
(F )
=
1
u(hu+ 2v)
(uµΘ+mp∗HB ,p∗D(F ) + (v −mu)µp∗HB ,p∗D(F )) .(8.4.2)
This decomposition of µω,p∗D into a nonnegative linear combination of slope-like functions with HN
properties (for u > 0, v ≫ 0) gives us the following analogue of [20, Lemmas 4.1, 4.3]:
Lemma 8.5. Take any u0 > 0 and F ∈ Coh(p). Let m > 0 be as in 8.4 and ω be as in (8.3.4).
(1) The following are equivalent:
(a) There exists some v0 > 0 such that F ∈ F(p)ω,p∗D for all (v, u) ∈ (v0,∞)× (0, u0).
(b) There exists some v0 > 0 such that, for any nonzero subsheaf A ⊆ F , we have µω,p∗D(A) ≤
0 for all (v, u) ∈ (v0,∞)× (0, u0).
(c) For any nonzero subsheaf A ⊆ F , either (i) µp∗HB ,p∗D(A) < 0, or (ii) µp∗HB ,p∗D(A) = 0
and µΘ+mp∗HB ,p∗D(A) ≤ 0.
(2) The following are equivalent:
(a) There exists some v0 > 0 such that F ∈ T (p)ω,p∗D for all (v, u) ∈ (v0,∞)× (0, u0).
(b) There exists some v0 > 0 such that, for any nonzero sheaf quotient F ։ A, we have
µω,p∗D(A) > 0 for all (v, u) ∈ (v0,∞)× (0, u0).
(c) For any nonzero sheaf quotient F ։ A, we have either (i) µp∗HB ,p∗D(A) > 0, or (ii)
µp∗HB ,p∗D(A) = 0 and µΘ+mp∗HB ,p∗D(A) > 0.
Proof. The argument is the same as that in [20, Lemmas 4.1, 4.3], except that we replace ‘c ’ in
that proof by the least positive value of HBη where η is an effective divisor on B, and replace ch0
and the functions µf , µ
∗ in that proof by Θ(p∗HB)ch
p∗D
1 and the functions µp∗HB ,p∗D, µΘ+mp∗HB ,p∗D,
respectively. The HN property of the slope-like function µΘ+mp∗HB ,p∗D is used in the proof of ‘(c)⇒
(b)’ in (1) and (2). ■
FOURIER-MUKAI TRANSFORMS OF STABLE SHEAVES ON WEIERSTRASS ELLIPTIC THREEFOLDS 35
Remark 8.6. In statements (1)(c)(ii) and (2)(c)(ii) of Lemma 8.5, the condition µp∗HB ,p∗D(A) = 0
implies (p∗HB)ch
p∗D
2 (A) = 0, which in turn implies
(Θ +mp∗HB)ch
p∗D
2 (A) = Θch
p∗D
2 (A).
That is, we would have µΘ+mp∗HB ,p∗D(A) = µΘ,p∗D(A) if we define µΘ,p∗D to be the function
µΘ,p∗D =

Θchp
∗D
2
(A)
Θ(p∗HB)ch
p∗D
1
(A)
if chp
∗D
1 (A) 6= 0
∞ if chp
∗D
1 (A) = 0
.
(That is, the characterisations in part (c)’s of Lemma 8.5 are independent of m.) Since the function
µΘ,p∗D does not satisfy the requirement of a slope-like function in [21, Section 3.2], a priori, it may
not have the Harder-Narasimhan property; for this reason, we refrain from using the notation µΘ,p∗D.
8.7. We will define the following subcategories of Coh(p):
• T (p)lp∗D, the extension closure of all coherent sheaves F ∈ Coh(p) satisfying the condition in
Lemma 8.5(2).
• F(p)lp∗D, the extension closure of all coherent sheaves F ∈ Coh(p) satisfying the condition in
Lemma 8.5(1).
As in [20, Remark 4.4(vi)], because of the characterisations in part (c)’s of Lemma 8.5, the categories
T (p)lp∗D,F(p)
l
p∗D can equivalently be defined as
T (p)lp∗D = {F ∈ Coh(p) : F ∈ Tω,p∗D for v ≫ 0, u > 0 satisfying (8.3.5)}
F(p)lp∗D = {F ∈ Coh(p) : F ∈ Fω,p∗D for v ≫ 0, u > 0 satisfying (8.3.5)}.
We now define the extension closure in Dbp(X)
B(p)lp∗D = 〈F(p)
l
p∗D[1], T (p)
l
p∗D〉.
8.8. The following properties form the analogue of [20, Remark 4.4]:
(i) Coh≤1(X) ⊂ T (p)lp∗D [20, Lemma 4.4(i)].
(ii) Every sheaf in F(p)lp∗D is a pure 2-dimensional sheaf [20, Lemma 4.4(ii)].
(iii) W0,Φ̂ ∩ Coh(p) ⊂ T (p)
l
p∗D. To see this, take any F ∈ W0,Φ̂ ∩ Coh(p) and any quotient
sheaf E′ of E. If dimE′ = 2, then by Lemma 5.4 we have chp
∗D
2 (E
′)p∗HB > 0, and so
µp∗HB ,p∗D(E
′) > 0. On the other hand, if dimE′ ≤ 1 then µp∗HB ,p∗D(E
′) = ∞. Hence
E′ ∈ T (p)lp∗D.
(iv) (p∗HB)ch
p∗D
2 ≥ 0 on B(p)
l
p∗D. This follows from Lemmas 8.5 and 6.1.2. As a consequence,
the category
(8.8.1) B(p)lp∗D,0 := {E ∈ B(p)
l
p∗D : (p
∗HB)ch
p∗D
2 (E) = 0}
is a Serre subcategory of B(p)lp∗D.
(v) F(p)lp∗D ⊂W1,Φ̂ ∩ Coh(p). This follows from (iii) and Lemma 8.9 below.
Lemma 8.9. (T (p)lp∗D,F(p)
l
p∗D) is a torsion pair in Coh(p), and the category B(p)
l
p∗D is the heart of
a t-structure on Dbp(X).
Proof. The proof of [20, Lemma 4.6] applies, provided that we make the following replacements in
that proof: replace the categories Coh(X), T l,F l, Tω and Fω by Coh(p), T (p)
l
p∗D,F(p)
l
p∗D, T (p)ω,p∗D
and F(p)ω,p∗D, replace the curve ts = α by the curve (8.3.5) (and replace the variables t, s by u, v),
replace c by the least positive value of (p∗HB)ch
p∗D
2 , and replace the functions ch0, µf and µ
∗ by
Θ(p∗HB)ch
p∗D
1 , µp∗HB ,p∗D and µΘ+mp∗HB ,p∗D, respectively. In the last part of the proof, we also need
the following easy observation: if A ∈ T (p)ω,p∗D is a nonzero pure 2-dimensional sheaf that is Φ̂-WIT1
36 JASON LO
with µp∗HB ,p∗D = 0, then A must be µp∗HB ,p∗D-semistable. To see this, simply take the µp∗HB ,p∗D-HN
filtration of A, which must have only one term. ■
Similar to 4.9, we define the following subcategories of Coh(p)
T (p)l,+p∗D = 〈F ∈ Coh(p) : F is µp∗HB ,p∗D-semistable, µp∗HB ,p∗D(F ) > 0〉
T (p)l,0p∗D = {F ∈ T (p)
l
p∗D : F is µp∗HB ,p∗D-semistable, µp∗HB ,p∗D(F ) = 0}
F(p)l,0p∗D = {F ∈ F(p)
l
p∗D : F is µp∗HB ,p∗D-semistable, µp∗HB ,p∗D(F ) = 0}
F(p)l,−p∗D = 〈F ∈ Coh(p) : F is µp∗HB ,p∗D-semistable, µp∗HB ,p∗D(F ) < 0〉.
Lemma 8.10. We have the inclusion
T (p)l,0p∗D ⊂W1,Φ̂.
Lemma 8.10 is an analogue of [20, Remark 4.8(iii)] as well as 4.9(i); however, the proofs of those
statements rely on [19, Lemma 3.18], which is only stated for coherent sheaves on X that do not
vanish on the generic fiber of p. We will give a direct proof of Lemma 8.10 here.
Proof. Take any F ∈ T (p)l,0p∗D. Let Fi denote the Φ̂-WITi part of F . Suppose F0 6= 0. By the
µp∗HB ,p∗D-semistability of F , the support of F0 must be two-dimensional. By Lemma 5.4, we must
have 0 < (p∗HB)ch2(F0) = (p
∗HB)ch
p∗D
2 (F0); however, this contradicts the µp∗HB ,p∗D-semistability
of F . Hence F0 must be zero, i.e. F is Φ̂-WIT1. ■
Lemma 8.11. In the heart B(p)lp∗D, we have the torsion triple
(8.11.1) (F(p)lp∗D[1],W0,Φ̂ ∩ Coh(p),W1,Φ̂ ∩ T (p)
l
p∗D)
and the torsion quintuple
(8.11.2) (F(p)l,0p∗D[1],F(p)
l,−
p∗D[1],Coh
≤1(X), T (p)l,+p∗D, T (p)
l,0
p∗D).
Proof. Since F(p)lp∗D is contained in W1,Φ̂ by 8.8(v), we have Φ̂B(p)
l
p∗D ⊂ D
[0,1]
Coh(p). By [31, Lemma
1.1.2], this means that Φ̂B(p)lp∗D[1] is a tilt of Coh(p) as the heart of a t-structure on D
b
p(X). Equiv-
alently, this means Coh(p) is a tilt of Φ̂B(p)lp∗D, i.e. ΦCoh(p)[1] is a tilt of B(p)
l
p∗D at the torsion pair
(T ,F) in B(p)lp∗D where
T = 〈F(p)lp∗D[1],W0,Φ̂ ∩ Coh(p)〉
F = W1,Φ̂ ∩ T (p)
l
p∗D
by [31, Lemma 1.1.2]. Having this torsion pair in B(p)lp∗D means we have the torsion triple (8.11.1).
Considering the µp∗HB ,p∗D-HN filtration for coherent sheaves in F(p)
l
p∗D and T (p)
l
p∗D gives the
torsion quintuple (8.11.2). ■
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8.12. Phases of various objects. Suppose F is a nonzero object of B(p)lp∗D and ch(F ) is of the form
(8.4.1). Also suppose ω is of the form (8.3.4) with u, v > 0 satisfying (8.3.5), and m is as in 8.4. Then
Zω,p∗D(F ) = −ch
p∗D
3 (F ) +
ω2
2 ch
p∗D
1 (F ) + iωch
p∗D
2 (F )
= −(s˜−Dη˜)︸ ︷︷ ︸
−chp
∗D
3
(F )
+ u2 (hu+ 2v)Θp
∗(HB S˜)︸ ︷︷ ︸
ω2
2 ch
p∗D
1
(F )
+ i
(
huΘp∗(HB η˜) + u(a˜−DS˜) + vΘp
∗(HB η˜)
)
︸ ︷︷ ︸
ωchp
∗D
2
(F )
.(8.12.1)
Consider the value of Zω,p∗D(F ) in the following cases of F :
(1) F ∈ Coh≤0(X): then Zω,p∗D(F ) = −ch
p∗D
3 (F ) = −ch3(F ) ∈ R<0.
(2) F ∈ Coh≤1(X) and dimF = 1: then ℑZω,p∗D(F ) = ωch
p∗D
2 (F ) = ωch2(F ) > 0 for any ω
ample.
(3) F ∈ Coh=2(X) ∩ Coh(p). Note that ℑZω,p∗D(F ) = ωch
p∗D
2 (F ) = (uΘ+ vp
∗HB)ch
p∗D
2 (F ).
(3.1) If (p∗HB)ch
p∗D
2 (F ) > 0: then ℑZω,p∗D(F ) > 0 for v ≫ 0.
(3.2) If (p∗HB)ch
p∗D
2 (F ) = 0 and (Θ +mp
∗HB)ch
p∗D
2 (F ) > 0, then
ℑZω,p∗D(F ) = ωch
p∗D
2 (F ) = (u(Θ +mp
∗HB) + (v −mu)p
∗HB) ch
p∗D
2 (F )
> 0 for u > 0.
(4) F = A[1]whereA ∈ F(p)l,0p∗D. Then ωch
p∗D
2 (F ) = (uΘ+vp
∗HB)ch
p∗D
2 (F ) = −uΘch
p∗D
2 (A) ≥
0 from the definition of F(p)l,0p∗D.
By 8.8(v), the sheaf A is Φ̂-WIT1, which implies p
∗η˜ is effective. The assumption A ∈
F(p)l,0p∗D implies (p
∗HB)Θ(p
∗η˜) = (p∗HB)ch
p∗D
2 (A) = 0, and so (Θp
∗HB + kf)p
∗η˜ = 0 for
any k. Then, from the proof of Lemma 4.1, we see that (ω′)2(p∗η˜) = 0 for some ample class
ω′ on X . Hence p∗η˜ itself is zero and ch1(Φ̂A[1]) = 0. That is, the sheaf Â = Φ̂A[1] lies in
Coh≤1(X). Since A is a sheaf supported in dimension 2, the transform Â must be supported
in dimension 1 and not lower, implying ωch2(Â) > 0. Since ωch
p∗D
2 (Â) = yℜZω,p∗D(A) by
8.12.2 below, we have ℜZω,p∗D(A) > 0, i.e. ℜZω,p∗D(F ) < 0.
(5) F = A[1] where A ∈ Coh(p)∩Coh=2(X) and (p∗HB)ch
p∗D
2 (A) < 0. Then (p
∗HB)ch
p∗D
2 (F ) >
0, and by the same computation as in case (3.1) above we have ℑZω,p∗D(F ) > 0 for v ≫ 0.
8.12.2. Suppose A is a Φ̂-WIT1 sheaf in Coh(p), and suppose Â = Φ̂A[1] has Chern character of the
form ch(Â) =
(
0 p∗S af
0 Θp∗η s
)
. Suppose further that ch1(Â) = 0 as in case (4) of 8.12, i.e. Â ∈ Coh
≤1(X).
Then for any D,D ∈ A1(B) satisfying the relation (8.2.2), the computations in 8.3 give
ωchp
∗D
2 (Â) = Θ(p
∗η)p∗(yKB +HB) + ya
= y u2Θ(p
∗η)p∗(uKB + 2ĤB) + ya by (8.3.3)
= yℜZω,p∗D(A) by (8.3.2).
8.13. Definition of Z lp∗D-stability. We are now ready to define a notion of stability for objects in
B(p)lp∗D. We begin with
Lemma 8.13.1. For any fixed y, z > 0 satisfying (8.3.6), and for any F ∈ B(p)lp∗D, we have
Zω,p∗D(F ) ∈ H for u > 0, v ≫ 0 satisfying (8.3.5).
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Since the support for an arbitrary object F in B(p)lp∗D may be a singular surface, we cannot directly
use current results on Bridgeland stability conditions on smooth projective surfaces such as [1, Corol-
lary 2.1] to prove Lemma 8.13.1. Instead, we will prove Lemma 8.13.1 by computing the Zω-values
of different objects that together generate B(p)lp∗D via extension.
Proof. By the torsion quintuple (8.11.2) and the phase computations in 8.12, the category B(p)lp∗D
can be written as the extension closure of objects F all of which satisfy Zω,p∗D(F ) ∈ H for v ≫ 0. The
lemma then follows. ■
Lemma 8.13.1 allows us to define a notion of stability on the heart B(p)lp∗D by looking at Zω,p∗D
for v ≫ 0. Suppose y, z > 0 are fixed and satisfy (8.3.6), and suppose u, v > 0 satisfy (8.3.5). Take
any nonzero object F in B(p)lp∗D. Then for v ≫ 0, we have
Zω,p∗D(F ) ∈ R>0e
ipiφ(F )(v)
for some φ(F )(v) ∈ (0, 1]. As v → ∞, if ch(F ) is of the form (8.4.1) then from the formula (8.12.1)
we obtain
Zω,p∗D(F ) = −(s˜−Dη˜) +O(1)Θp
∗(HBS˜) + i
(
O( 1v )Θp
∗(HB η˜) +O(
1
v )(a˜−DS˜) + vΘp
∗(HB η˜)
)
.
That is, all the coefficients of Zω,p∗D(F ) are asymptotically equivalent to Laurent polynomials in v as
v → ∞. As in 4.8, this is sufficient for us to define an ‘asymptotically polynomial stability’: for any
two objects E,F ∈ B(p)lp∗D, we write φ(E) ≺ φ(F ) (resp. φ(E)  φ(F )) if φ(E)(v) < φ(F )(v) (resp.
φ(E)(v) ≤ φ(F )(v)) for v ≫ 0. We say an object F ∈ B(p)lp∗D is Z
l
p∗D-stable (resp. Z
l
p∗D-semistable)
if, for every B(p)lp∗D-short exact sequence of the form
0→M → F → N → 0
whereM,N 6= 0, we have
φ(M) ≺ φ(N) (resp. φ(M)  φ(N)).
9. STABILITY FOR ONE-DIMENSIONAL SHEAVES VS LIMIT STABILITY FOR TWO-DIMENSIONAL
COMPLEXES
In this section, we consider 1-dimensional slope semistable sheaves on the Weierstraß threefold
X and their Fourier-Mukai transforms. The main result in this section is Theorem 9.7, which says
that 1-dimensional stable sheaves of positive chp
∗D
3 correspond to Z
l
p∗D-stable complexes under the
Fourier-Mukai transform Φ, where Z lp∗D-stability is the limit stability on D
b
p(X) defined in 8.13.
Diaconescu also considered the Fourier-Mukai transforms of 1-dimensional stable sheaves onWeier-
straß threefolds p : X → B where B is a Fano surface [11]. He considered the notion of adiabatic
stability for 2-dimensional coherent sheaves that vanish on the generic fiber of p, which can be thought
of as a limit of Gieseker stability, and showed that 1-dimensional semistable sheaves correspond to
adiabatically semistable sheaves via the Fourier-Mukai transform Φ [11, Theorem 1.1]. Adiabati-
cally semistable sheaves form their own components within the moduli of 2-dimensional Gieseker
semistable sheaves, although they constitute the entire moduli of Gieseker semistable sheaves when
X is an elliptic K3 pencil.
In contrast to Diaconescu’s work, Z lp∗D-stability in Theorem 9.7 and Zω,p∗D-stability (a Bridgeland
stability condition) in Corollary 11.11 are notions of stability for complexes instead of sheaves. A ra-
tionale for using Z lp∗D-stability or Zω,p∗D-stability is, that Fourier-Mukai transforms of 1-dimensional
stable sheaves with positive chp
∗D
3 - which are again coherent sheaves - are precisely Z
l
p∗D-stable
objects of the corresponding Chern classes, and are also precisely Zω,p∗D-stable objects of the corre-
sponding Chern classes. It would be interesting to describe the exact relations among Z lp∗D-stability,
Zω,p∗D-stability and Gieseker stability for coherent sheaves.
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Let ω be as in (8.3.4) and D,D as in (8.2.2). Recall the notation in 6.3. Given a coherent sheaf
E ∈ Coh≤1(X) with ch(E) =
(
0 0 af
0 Θp∗η s
)
, we have
µω,p∗D(E) =
ch3(E)− ch2(E)p
∗D
ωch2(E)
= µω(E)−
Θ(p∗η)(p∗D)
ωch2(E)
where µω is the untwisted slope function for sheaves in Coh
≤1(X) defined by the formula µω(E) =
ch3(E)/(ωch2(E)). From Lemma 6.3.1, we already know C
p∗D
(0,∞] ⊂ W0,Φ. Now we can show a little
more:
Lemma 9.1. ΦCp
∗D
(0,∞] ⊂ T (p)
l
p∗D.
Proof. It suffices to show that, for any µω,p∗D-semistable sheaf E ∈ Coh
≤1(X) with µω,p∗D(E) > 0,
we have ΦE ∈ T (p)lp∗D. By Lemma 6.3.1, we know E is Φ-WIT0. If E is a fiber sheaf, then so is ΦE,
in which case we do have ΦE ∈ T (p)lp∗D. Let us assume from now on that E is not a fiber sheaf;
writing ch(E) =
(
0 0 af
0 Θp∗η s
)
, this means p∗η 6= 0. Let us write Ê = ΦE.
Take any quotient sheaf Ê → Q. By Lemma 8.5(2)(c), it suffices to demonstrate either of the
following:
• µp∗HB ,p∗D(Q) > 0, or
• µp∗HB ,p∗D(Q) = 0 and µΘ+mp∗HB ,p∗D(Q) > 0 where m > 0 is as in 8.4.
If dimQ ≤ 1, then µp∗HB ,p∗D(Q) = ∞ > 0, so let us assume Q is supported in dimension 2, which
implies Ê itself is supported in dimension 2.
Let Q0 denote the Φ̂-WIT0 part of Q. If Q/Q0 = 0, then Q itself is Φ̂-WIT0, and by Lemma 5.4 we
have µp∗HB ,p∗D(Q) > 0. So let us also assume Q/Q0 6= 0.
Consider the short exact sequence of sheaves
(9.1.1) 0→ K → Ê → Q/Q0 → 0
where all the terms are necessarily Φ̂-WIT1. Note that Q/Q0 is precisely the Φ̂-WIT1 part of Q. By
Lemma 5.4, all the terms in (9.1.1) satisfy (p∗HB)ch2 ≤ 0. Since E is supported in dimension 1, we
have (p∗HB)ch2(Ê) = 0. Hence (p
∗HB)ch2 = 0 holds forK and Q/Q0 as well. Consider the following
possibilities for Q0:
• dimQ0 = 2: then (p
∗HB)ch2(Q0) > 0 by Lemma 5.4, and we have∞ > µp∗HB ,p∗D(Q) > 0.
• dimQ0 = 1 and (p
∗HB)ch2(Q0) > 0: then (p
∗HB)ch2(Q) > 0, and µp∗HB ,p∗D(Q) > 0 regard-
less of the dimension of Q.
• dimQ0 = 1 and (p
∗HB)ch2(Q0) = 0, or dimQ0 = 0, or Q0 = 0: then Lemma 6.1.1 implies
that Q0 must be a fiber sheaf, and so (p
∗HB)ch2(Q0) = 0, giving (p
∗HB)ch2(Q) = 0 overall.
If dimQ/Q0 ≤ 1, then Q itself is supported in dimension 1 and µp∗HB ,p∗D(Q) = ∞, so
let us assume that dimQ/Q0 = 2, which implies µp∗HB ,p∗D(Q) = 0. It remains to show
µΘ+mp∗HB ,p∗D(Q) > 0.
Let us write ch(Q/Q0) =
(
0 p∗S˜ a˜f
0 Θp∗η˜ s˜
)
. Since Q/Q0 is Φ̂-WIT1, the divisor class p
∗η˜ is
the ch1 of the transform of Q/Q0, and so p
∗η˜ is effective. On the other hand, we have
0 = (p∗HB)ch2(Q/Q0) = (p
∗HB)Θp
∗η˜ = HB η˜. Thus η˜ = 0 by Corollary 4.2.
Now, the exact sequence (9.1.1) is taken by Φ̂ to the short exact sequence of sheaves
0→ K̂ → E → Q̂/Q0 → 0.
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By the µω,p∗D-semistability of E, we have ch
p∗D
3 (Q̂/Q0) > 0. Then
Θchp
∗D
2 (Q/Q0) = Θch
p∗D
2 (ΦQ̂/Q0)
= chp
∗D
3 (Q̂/Q0)
> 0.
where the second equality follows from the formulas in 8.2 as well as the observation that
ch2(Q/Q0) only has the fiber component. On the other hand, since Q0 is a (possibly zero)
fiber sheaf, we have Θchp
∗D
2 (Q0) ≥ 0.
Putting all the computations above together, we obtain
(Θ +mp∗HB)ch
p∗D
2 (Q) = Θch
p∗D
2 (Q) since ch
p∗D
2 (Q) only has the fiber component
= Θchp
∗D
2 (Q0) + Θch
p∗D
2 (Q/Q0)
> 0
Overall, we have µΘ+mp∗HB ,p∗D(Q) > 0.
This completes the proof of the lemma. ■
Proposition 9.2. Let E be a µω,p∗D-stable coherent sheaf supported in dimension 1 with ch
p∗D
3 (E) > 0.
Then ΦE lies in T (p)lp∗D and is a Z
l
p∗D-stable object in B(p)
l
p∗D.
Before we can prove Proposition 9.2, however, we need some more preparation.
9.2.1. All the objects in W1,Φ̂ ∩ T (p)
l
p∗D satisfy (p
∗HB)ch
p∗D
2 = 0. This is because all the objects in
W1,Φ̂∩T (p)
l
p∗D satisfy (p
∗HB)ch
p∗D
2 ≤ 0 by Lemma 5.4, while at the same time satisfy (p
∗HB)ch
p∗D
2 ≥
0 by 8.8(iv).
9.2.2. Suppose F ∈ T (p)lp∗D satisfies (p
∗HB)ch
p∗D
2 (F ) = 0. Then from the torsion quintuple (8.11.2),
we obtain a filtration F0 ⊆ F1 = F in Coh(p) where F0 ∈ Coh
≤1(X) satisfies (p∗HB)ch
p∗D
2 (F0) = 0
and F1/F0 ∈ T (p)
l,0
p∗D. From the proof of Lemma 6.1.2, the sheaf F0 must be a fiber sheaf.
9.2.3. For any F ∈ W1,Φ̂ ∩ Coh(p) supported in dimension 2 with (p
∗HB)ch
p∗D
2 (F ) = 0, we have
φ(F ) → 0+. To see this claim, suppose ch(F ) is of the form (8.4.1). Note that the vanishing
(p∗HB)ch
p∗D
2 (F ) = 0 implies HB η˜ = Θ(p
∗HB)(p
∗η˜) = 0. At the same time, since F is Φ̂-WIT1
we know p∗η˜ is an effective divisor class. By Corollary 4.2, we have η˜ = 0. Hence F̂ = Φ̂F [1]
lies in Coh≤1(X) and is supported in dimension 1, and so ωchp
∗D
2 (F̂ ) > 0. The sheaf F now satis-
fies the hypotheses in 8.12.2, which gives us 0 < ωchp
∗D
2 (F̂ ) = yℜZω,p∗D(F ) where y > 0, and so
ℜZω,p∗D(F ) > 0. Hence ℜZω,p∗D(F ) is positive and O(1) as v → ∞, while ℑZω,p∗D(F ) is O(
1
v ).
Overall, φ(F )→ 0+ as claimed.
9.2.4. For any µω,p∗D-stable coherent sheaf E supported in dimension 1 with ch
p∗D
3 (E) > 0, we know
E is Φ-WIT0 from Lemma 6.3.1. Moreover, we have φ(ΦE)→ 0
+ because:
• If E is not a fiber sheaf, then ΦE is supported in dimension 2 and φ(ΦE)→ 0+ follows from
9.2.3.
• If E is a fiber sheaf, say chp
∗D(E) =
(
0 0 af
0 0 s
)
(where a is necessarily positive), then we have
chp
∗D(ΦE) =
(
0 0 sf
0 0 −a
)
. Then Zω,p∗D(ΦE) = af + ius, from which we see φ(ΦE)→ 0
+.
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9.2.5. A slope comparison. Take any E ∈ Coh≤1(X), and suppose ch(E) =
(
0 0 af
0 Θp∗η s
)
. From the
formulas in 8.2 and 8.3, we have
µω,p∗D(E) =
chp
∗D
3 (E)
ωchp
∗D
2 (E)
=
s−Dη
(hy + z)Θp∗(HBη) + ya
while
Zω,p∗D(ΦE) = a+
u
2 (hu+ 2v)Θp
∗(HBη) + iu(s−Dη) by (8.3.2)
= 1y
(
(hy + z)Θp∗(HBη) + ya+ iyu(s−Dη)
)
by (8.3.5).
Comparing these expressions for µω,p∗D(E) and Zω,p∗D(ΦE), we see that forM,N ∈ Coh
≤1(X) such
that ΦM,ΦN ∈ B(p)lp∗D, we have
µω,p∗D(M) < (resp. ≤)µω,p∗D(N) if and only if φ(ΦM) ≺ (resp. )φ(ΦN).
Proof of Proposition 9.2. Take any E satisfying the hypotheses. We know ΦE ∈ T (p)lp∗D from Lemma
9.1. Consider any B(p)lp∗D-short exact sequence
(9.2.6) 0→M → ΦE → N → 0.
Since T (p)lp∗D is a torsion-free class in B(p)
l
p∗D, we have M ∈ T (p)
l
p∗D as well. Also, since E ∈
Coh≤1(X), we have (p∗HB)ch2(ΦE) = 0, and so ΦE ∈ B(p)
l
p∗D,0, a Serre subcategory of B(p)
l
p∗D
(see 8.8(iv)). ThusM and N both lie in B(p)lp∗D,0, as do H
−1(M)[1], H0(M), H−1(N)[1] and H0(N).
The following observations on N will be useful:
(1) If H−1(N) 6= 0, then H−1(N) is Φ̂-WIT1. The same computation as in 9.2.3 shows 0 <
ωchp
∗D
2 (Ĥ
−1(N)) = yℜZω,p∗D(H
−1(N)), i.e. ℜZω,p∗D(H
−1(N)[1]) < 0.
(2) From 9.2.2, we know H0(N) has a filtration A0 ⊆ A1 = H
0(N) by coherent sheaves where
A0 is a fiber sheaf and A1/A0 ∈ T (p)
l,0
p∗D ⊂ W1,Φ̂. Hence the Φ̂-WIT0 part of H
0(N) is a
subsheaf of A0 and is a fiber sheaf.
Let Gi denote the Φ̂-WITi component of H
0(N) for i = 0, 1. By observation (2), the sheaf G0 is a
subsheaf of A0, and hence a fiber sheaf, implying G0 ∈ B(p)
l
p∗D. On the other hand, since H
0(N) lies
in T (p)lp∗D, which is a torsion class in Coh(p), the sheaf G1 also lies in T (p)
l
p∗D (hence in B(p)
l
p∗D).
Thus the Coh(X)-quotient H0(N)։ G1 is also a B(p)
l
p∗D-quotient. In addition, the latter part of the
long exact sequence of cohomology of (9.2.6) looks like
H0(M)
α
→ ΦE → H0(N)→ 0.
Since H0(M) = M ∈ T (p)lp∗D and T (p)
l
p∗D is a torsion class in Coh(p), we also have imα ∈ T (p)
l
p∗D.
Hence the kernel K of the composite Coh(X)-quotient
ΦE ։ H0(N)։ G1
lies in B(p)lp∗D, i.e. the short exact sequence of sheaves
(9.2.7) 0→ K → ΦE → G1 → 0
in which all the terms are Φ̂-WIT1 sheaves is also a B(p)
l
p∗D-short exact sequence. In fact, since ΦE
lies in B(p)lp∗D,0, which is a Serre subcategory of B(p)
l
p∗D, (9.2.7) is a B(p)
l
p∗D,0-short exact sequence.
Applying Φ̂[1] then gives the short exact sequence of sheaves
(9.2.8) 0→ K̂ → E → Ĝ1 → 0
in which all the terms are Φ-WIT0.
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If G1 = 0, then H
0(N) = G0 is a Φ̂-WIT0 fiber sheaf and so ℜZω,p∗D(H
0(N)) = −ch3(H
0(N)) ≤ 0.
Together with observation (1) on N above, we obtain ℜZω,p∗D(N) ≤ 0. Since φ(ΦE) → 0
+ from
9.2.4, we obtain φ(ΦE) ≺ φ(N) and so φ(M) ≺ φ(N). From now on, let us assume G1 6= 0.
If K 6= 0, then since E is a µω,p∗D-stable sheaf by assumption, we have the inequality µω,p∗D(K̂) <
µω,p∗D(Ĝ1), which implies φ(K) ≺ φ(G1) by 9.2.5. From (9.2.7), we then obtain φ(ΦE)  φ(G1),
which still holds even if K = 0.
Now we put all the pieces together: in our current notation, we have
Zω,p∗D(N) = Zω,p∗D(H
−1(N)[1]) + Zω,p∗D(G0) + Zω,p∗D(G1).
If G0 6= 0, then G0 is a Φ̂-WIT0 fiber sheaf and so ch3(G0) > 0. This gives ℜZω,p∗D(G0) = −ch3(G0) <
0. As for ℜZω,p∗D(G1), there are two possibilities:
(1) If ℜZω,p∗D(G1) > 0: then ℑZω,p∗D(G1) must be positive for v ≫ 0 by Lemma 8.13.1. Since
the ℜZω,p∗D of H
−1(N)[1] and G0 are both negative (provided these objects are nonzero) as
observed above, it follows that φ(G1) ≺ φ(N), which implies φ(ΦE) ≺ φ(N) since φ(ΦE) 
φ(G1) from above, and so φ(M) ≺ φ(N).
(2) If ℜZω,p∗D(G1) ≤ 0: then by the observation in (1), we have ℜZω,p∗D(N) ≤ 0. We also know
φ(ΦE)→ 0+ from 9.2.4. Hence φ(ΦE) ≺ φ(N), which again implies φ(M) ≺ φ(N).
Overall, we have φ(M) ≺ φ(N), and so ΦE is a Z lp∗D-stable object in B(p)
l
p∗D. ■
Before we can prove the converse of Proposition 9.2, we need two more lemmas:
Lemma 9.3. Suppose F ∈ T (p)lp∗D is a Z
l
p∗D-stable object in B(p)
l
p∗D with Chern character of the form
(9.3.1) chp
∗D(F ) =
(
0 p∗S˜ a˜f
0 0 s˜
)
where s˜ ≤ 0. Then F is a Φ̂-WIT1 coherent sheaf.
Remark 9.4. For F as in the hypothesis of Lemma 9.3, we observe the following:
(i) a˜ = Θchp
∗D
2 (F ) and s˜ = ch
p∗D
3 (F ) = ch3(F ).
(ii) If F is nonzero then we necessarily have a˜ ≥ 0. The reason is as follows: borrowing the
notation from the proof of the lemma, we have F1/F0 ∈ T (p)
l,0
p∗D, and by Lemma 8.5(2)(c)
we have a˜ = Θchp
∗D
2 (F ) > 0 if F1/F0 is nonzero. If F1/F0 is zero, then F = F0 is a fiber
sheaf and so a˜ ≥ 0.
Proof of Lemma 9.3. The assumption F ∈ T (p)lp∗D implies F is already a sheaf. By 9.2.2, there is a
filtration F0 ⊆ F1 = F in Coh(X) where F0 is a fiber sheaf and F1/F0 ∈ T (p)
l,0
p∗D. Then by Lemma
8.10, F1/F0 is Φ̂-WIT1. We divide into two cases:
Case 1: ch1(F ) = 0. Then F is a fiber sheaf, and for every short exact sequence of sheaves of the
form
0→ F ′ → F → F ′′ → 0
all the terms must lie inCoh(p)0, and hence in B(p)
l
p∗D. In addition, Z
l
p∗D-stability on B(p)
l
p∗D restricts
to the usual slope stability given by chp
∗D
3 /ωch
p∗D
2 on Coh(p)0. Since ch
p∗D
3 (F ) ≤ 0 by assumption,
the Z lp∗D-stability of F implies F cannot have any nonzero subsheaf with ch
p∗D
3 > 0. In particular, the
Φ̂-WIT0 part of F must be zero [2, Proposition 6.38], forcing F to be Φ̂-WIT1.
Case 2: ch1(F ) 6= 0. Then ω
2chp
∗D
1 (F ) > 0 and −ch
p∗D
3 (F ) ≥ 0, i.e. ℜZω,p∗D(F ) is positive and
O(1) as v → ∞, while ℑZω,p∗D(F ) is O(
1
v ) (see (8.12.1)). Hence φ(F ) → 0
+. Since F0 is a B(p)
l
p∗D-
subobject of F , the Z lp∗D-stability of F implies φ(F0)  φ(F ). Thus we must have ℜZω,p∗D(F0) =
−chp
∗D
3 (F0) > 0, i.e. ch3(F0) = ch
p∗D
3 (F0) < 0; in fact, any fiber subsheaf of F0 must have ch3 < 0.
This implies F0 is Φ̂-WIT1, and so F itself is Φ̂-WIT1. ■
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Lemma 9.5. Suppose F is a Z lp∗D-stable object in B(p)
l
p∗D with Chern character of the form (9.3.1)
where p∗S˜ is nonzero and effective, and s˜ ≤ 0. Then H−1(F ) must be zero.
Proof. Since chp
∗D
1 (F ) = p
∗S˜ is nonzero and effective, we have ω2chp
∗D
1 (F ) > 0. Together with the
assumption s˜ = chp
∗D
3 (F ) ≤ 0, we have ℜZω,p∗D(F ) > 0. Hence ℜZω,p∗D(F ) is positive and O(1) as
v →∞, while ℑZω,p∗D(F ) is O(
1
v ). As a result, we have φ(F )→ 0
+.
The assumption (9.3.1) implies (p∗HB)ch
p∗D
2 (F ) = 0, which forces H
−1(F ) ∈ F l,0p∗D by 8.8(iv). By
8.8(v), we knowH−1(F ) is Φ̂-WIT1. SupposeH
−1(F ) 6= 0. Then Ĥ−1(F ) = Φ̂(H−1(F ))[1]must lie in
Coh≤1(X); in fact, it must be supported in dimension 1, or else H−1(F ) itself would be a fiber sheaf,
contradicting 8.8(ii). This means ωch2(Ĥ−1(F )) > 0, which in turn means ℜZω,p∗D(H
−1(F )) > 0
by 8.12.2. That is, ℜZω,p∗D(H
−1(F )[1]) < 0, and so H−1(F )[1], if nonzero, would be a destabilising
subobject of F in B(p)lp∗D. Hence H
−1(F ) must be zero by the Z lp∗D-stability of F . ■
The following gives the converse of Proposition 9.2:
Proposition 9.6. Suppose F is a Z lp∗D-stable object in B(p)
l
p∗D with Chern character of the form (9.3.1)
where p∗S˜ is nonzero and effective, a˜ > 0 and s˜ ≤ 0. Then H−1(F ) = 0, F is a Φ̂-WIT1 sheaf and Φ̂F [1]
is a µω,p∗D-stable sheaf.
Proof. Take any F as described. By Lemma 9.5, the cohomology H−1(F ) is zero, and so F ∈ T (p)lp∗D.
Hence F is a coherent sheaf supported in dimension 2, and Lemma 9.3 says that F is Φ̂-WIT1. From
9.2.3, we have φ(F ) → 0+. We will now show that F̂ = Φ̂F [1] is a µω,p∗D-stable sheaf. To this end,
take any short exact sequence of sheaves
(9.6.1) 0→M → F̂ → N → 0
where M,N 6= 0. Then M,N ∈ Coh≤1(X) and N is Φ-WIT0 (since F̂ is so). We will show that
µω,p∗D(M) < µω,p∗D(N).
Suppose dimM = 0. Then M is Φ-WIT0, and (9.6.1) is taken by Φ to the short exact sequence of
sheaves
(9.6.2) 0→ M̂ → F → N̂ → 0.
At the same time, since M̂ is a fiber sheaf with chp
∗D
3 (M̂) = 0 [2, Proposition 6.38], we have
Zω,p∗D(M̂) = −ch
p∗D
3 (M̂) + iωch
p∗D
2 (M̂) ∈ iR>0. Then φ(M̂) =
1
2 , and M̂ destabilises F . Hence
this case cannot happen, i.e.M must be supported in dimension 1.
Note that we have chp
∗D
3 (F̂ ) = a˜ > 0. As a result, in trying to prove the µω,p∗D-stability of F̂ , we
can replaceM by a Jordan-Hölder factor of its maximal destabilising subsheaf with respect to µω,p∗D-
stability and assume chp
∗D
3 (M) > 0 in addition to M being µω,p∗D-stable. By Lemmas 6.3.1 and 9.1,
we knowM is Φ-WIT0 and M̂ = ΦM ∈ T (p)
l
p∗D. Now all the terms in (9.6.1) are Φ-WIT0 sheaves, so
again we have a short exact sequence of sheaves of the form (9.6.2). That F lies in T (p)lp∗D implies N̂
also lies in T (p)lp∗D. Hence (9.6.2) is also a B(p)
l
p∗D-short exact sequence, and the Z
l
p∗D-stability of
F implies φ(M̂) ≺ φ(N̂ ), which in turn implies µω,p∗D(M) < µω,p∗D(N) by the comparison in 9.2.5.
Hence F̂ is a µω,p∗D-stable. ■
Combining Proposition 9.2 and Proposition 9.6, we now obtain:
Theorem 9.7. The Fourier-Mukai transform Φ : Db(X) ∼→ Db(X) induces an equivalence of categories
{E ∈ Coh(p) : E is µω,p∗D-stable, ch
p∗D(E) =
(
0 0 af
0 Θp∗η s
)
where p∗η 6= 0, a ≥ 0, s > 0} Φ→
∼
{F ∈ B(p)lp∗D : F is Z
l
p∗D-stable, ch
p∗D(F ) =
(
0 p∗S˜ a˜f
0 0 s˜
)
where p∗S˜ 6= 0 is effective, a˜ > 0, s˜ ≤ 0}.
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Proof. Suppose E is a coherent sheaf lying in the category on the left-hand side. By Lemma 6.1.1,
the cycle class η is effective on B. Since p : X → B is a flat morphism, this means p∗η is effective
on X . Since p∗η 6= 0, the support of E must be 1-dimensional. Proposition 9.2 then tells us ΦE is
a Z lp∗D-stable object in B(p)
l
p∗D (in fact, in T (p)
l
p∗D) and satisfies the constraints on ch
p∗D for the
category on the right-hand side.
Conversely, suppose F is an object in the category on the right-hand side. Then Φ̂F [1] lies in the
category on the left by Proposition 9.6. ■
Remark 9.8. Suppose E is a coherent sheaf on X supported in dimension 1. Then chp
∗D
2 (E) is of
the form Θp∗η + af for some η ∈ A1(B), a ∈ Q, where η is an effective divisor class on B by Lemma
6.1.1. A priori, however, we do not know that a ≥ 0. Nonetheless, in the case where the base B
of the fibration p is a Fano surface, we know a ≥ 0 must hold by [11, Corollary 2.2], in which case
the assumption a ≥ 0 follows from the assumption p∗η 6= 0 for the category on the left-hand side in
Theorem 9.7.
10. HARDER-NARASIMHAN PROPERTY OF LIMIT STABILITY FOR TWO-DIMENSIONAL COMPLEXES
We establish the Harder-Narasimhan property of Z lp∗D-stability in this section, following the ap-
proach taken in Section 7.
10.1. More detailed phase computations. In order to establish the Harder-Narasimhan property
for Z lp∗D-stability on B(p)
l
p∗D, we need slightly more detailed computations of phases than in 8.12.
Suppose F is a nonzero object in B(p)lp∗D with ch(F ) of the form (8.4.1), i.e.
ch(F ) =
(
0 p∗S˜ a˜f
0 Θp∗η˜ s˜
)
.
Recall the formula (8.12.1)
Zω,p∗D(F ) = −ch
p∗D
3 (F ) +
ω2
2 ch
p∗D
1 (F ) + iωch
p∗D
2 (F )
= −(s˜−Dη˜)︸ ︷︷ ︸
−chp
∗D
3
(F )
+ u2 (hu+ 2v)Θp
∗(HB S˜)︸ ︷︷ ︸
ω2
2 ch
p∗D
1
(F )
+ i
(
huΘp∗(HB η˜) + u(a˜−DS˜) + vΘp
∗(HB η˜)
)
.(10.1.1)
Suppose the coefficients u, v > 0 in ω satisfy the constraint (8.3.5). Consider the following possibilities
for F :
(1) F ∈ Coh≤0(X): Zω,p∗D(F ) = −ch3(F ) ∈ R<0 and so φ(F ) = 1.
(2) F ∈ Coh≤1(X) and dimF = 1. In this case, we have chp
∗D
1 (F ) = 0 and η˜ is effective by
Lemma 6.1.1.
(2.1) If (p∗HB)ch
p∗D
2 (F ) = Θp
∗(HB η˜) > 0, then φ(F )→
1
2 .
(2.2) If (p∗HB)ch
p∗D
2 (F ) = Θp
∗(HB η˜) = 0, then HB η˜ = 0 and from Corollary 4.2 we have
η˜ = 0. Thus F is a fiber sheaf, and chp
∗D
2 (F ) = a˜f is effective, implying a˜ > 0.
(2.2.1) If chp
∗D
3 (F ) > 0, then φ(F )→ 1.
(2.2.2) If chp
∗D
3 (F ) = 0, then φ(F ) =
1
2 .
(2.2.3) If chp
∗D
3 (F ) < 0, then φ(F )→ 0.
(3) F ∈ T (p)lp∗D, dimF = 2 and (p
∗HB)ch
p∗D
2 (F ) > 0. Then φ(F )→
1
2 .
(4) F ∈ T (p)l,0p∗D. Then (p
∗HB)ch
p∗D
2 (F ) = 0. We also know F is Φ̂-WIT1 from Lemma 8.10.
Then by 9.2.3, we have φ(F )→ 0.
(5) F = A[1] where A ∈ F(p)l,0p∗D. Then by the computation in 9.2.3, we have φ(F )→ 1.
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(6) F = A[1] where A is supported in dimension 2 and (p∗HB)ch
p∗D
2 (A) < 0. Then φ(F )→
1
2 .
10.2. We now collect objects of similar phases into categories that form torsion classes in B(p)lp∗D.
We first set
B1 = 〈Coh
≤0(X), +
+
,F(p)l,0p∗D[1]〉.
From the computations in 10.1, every object in B1 has φ → 1. On the other hand, suppose F is an
object of B(p)lp∗D with ch(F ) of the form (8.4.1).
• If F lies in + ∗
+ ∗
then it must be a 1-dimensional non-fiber sheaf, meaning p∗η˜ 6= 0. Thus η˜ is
nonzero and effective, and 10.1(2.1) gives us φ(F )→ 12 .
• If F lies in + ∗
+ ∗
then (p∗HB)ch
p∗D
2 (F ) = (p
∗HB)ch2(F ) > 0 by Lemma 5.4, and so φ(F )→
1
2
by 10.1(3).
This prompts us to set
B1,1/2 = 〈B1,
+
0
, ∗
+ ∗
, + ∗
+ ∗
, F(p)l,−p∗D[1]〉
= 〈F(p)lp∗D[1], + ,
+
+
+
0
, ∗
+ ∗
, + ∗
+ ∗
〉.
Note that all the other objects in B1,1/2 have either φ→ 1 or φ→
1
2 from the computations in 10.1.
10.2.1. Note that W0,Φ̂ ∩ Coh(p) ⊂ B1,1/2. To see this, take any F ∈ W0,Φ̂ ∩ Coh(p). If dimF = 2,
then F lies in + ∗
+ ∗
. If dimF = 1, then since {Coh≤0}↑ is a torsion class in Coh(X), we can write F as
the extension of sheaves
0→ F ′ → F → F ′′ → 0
where F ′ is the maximal subsheaf in {Coh≤0}↑ and F ′′ is a fiber sheaf (see also [19, Lemma 3.15]).
Then F ′ ∈ 〈Coh≤0(X), ∗
+ ∗
〉 while F ′′ ∈ +
+
by [2, Proposition 6.38]. Overall, we obtain F ∈ B1,1/2.
Lemma 10.3. B1 is a torsion class in B(p)lp∗D.
Proof. We begin by showing that B1 is closed under quotient in the abelian category B(p)lp∗D. Take
any A ∈ B1, and consider any B(p)
l
p∗D-short exact sequence of the form
0→ A′ → A→ A′′ → 0.
Note that B1 ∈ B(p)
l
p∗D,0, which is a Serre subcategory of B(p)
l
p∗D (see 8.8(iv)). Hence A
′′ also lies
in B(p)lp∗D,0, meaning (p
∗HB)ch
p∗D
2 (H
−1(A′′)) = 0, and so H−1(A′′) ∈ F(p)l,0p∗D. On the other hand,
we have H0(A) ∈ 〈Coh≤0(X), +
+
〉 from the definition of B1; since H
0(A′′) is a quotient sheaf of
H0(A), the same holds for H0(A′′). Overall, we have A′′ ∈ B1. That is, the category B1 is closed
under quotient in B(p)lp∗D. To show that B1 is a torsion class in B(p)
l
p∗D, it remains to show that every
object F in B(p)lp∗D can be written as the extension of an object in B
◦
1 by an object in B1.
For any F ∈ B(p)lp∗D, consider the B(p)
l
p∗D-short exact sequence
0→M [1]→ F → F ′ → 0
whereM [1] is the F(p)l,0p∗D[1]-component of H
−1(F )[1] with respect to the torsion quintuple (8.11.2).
Note that Hom(F(p)l,0p∗D[1], F
′) = 0 by construction. Suppose F ′ /∈ B◦1 . Then there exists a nonzero
morphism β : U → F ′ where U ∈ B1. Since we know B1 is closed under B(p)
l
p∗D-quotient from above,
we can replace U by imβ and assume β is a B(p)lp∗D-injection. The vanishing Hom(F(p)
l,0
p∗D[1], F
′) = 0
then implies H−1(U) = 0 and so U = H0(U) ∈ 〈Coh≤0(X), +
+
〉.
Suppose we have an ascending chain in B(p)lp∗D
U1 ⊆ U2 ⊆ · · · ⊆ Um ⊆ · · · ⊆ F
′
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where Ui ∈ 〈Coh
≤0(X), +
+
〉 for all i. This induces an ascending chain of coherent sheaves
Φ̂0U1 ⊆ Φ̂
0U2 ⊆ · · · ⊆ Φ̂
0F ′.
Since each Ui is a Φ̂-WIT0 sheaf, the Ui must stabilise. That is, there exists a maximal B(p)
l
p∗D-
subobject U of F ′ lying in 〈Coh≤0(X), +
+
〉.
Applying the octahedral axiom to the B(p)lp∗D-surjections F ։ F
′
։ F ′/U gives the diagram
M [2]

F ′
""❊
❊❊
❊❊
❊❊
❊
::✉✉✉✉✉✉✉✉✉✉✉✉✉✉✉✉✉✉✉✉
F
??⑧⑧⑧⑧⑧⑧⑧⑧
// F ′/U //
##●
●●
●●
●●
●
L[1]

U [1]
in which every straight line is an exact triangle, for some L ∈ B(p)lp∗D. The vertical exact triangle
gives H−1(L) ∼= M and H0(L) ∼= U , and so L ∈ B1. The same argument as in the proof of [20,
Lemma 6.1(b)] shows F ′/U ∈ B◦1 and finishes the proof. ■
Lemma 10.4. B1/2 is a torsion class in B(p)lp∗D.
Proof. Let us write
E = 〈
+
, +
+
+
0
, ∗
+ ∗
, + ∗
+ ∗
〉.
Then B1,1/2 = 〈F(p)
l
p∗D[1], E〉. It is easy to check that E is a torsion class in Coh(X). Hence E =
{H0(A) : A ∈ B1,1/2}, and the same argument as in the proof of [20, Lemma 6.2] completes the proof
of this lemma. ■
Now that we know B1 and B1,1/2 are torsion classes in B(p)
l
p∗D from Lemmas 10.3 and 10.4, we
can construct the torsion triple in B(p)lp∗D
(10.4.1) (B1, B1,1/2 ∩ B
◦
1 , B
◦
1,1/2).
Proposition 10.5. The following properties hold:
(1) For A = B1:
(a) There is no infinite sequence of strict monomorphisms in A
(10.5.1) · · · →֒ En →֒ · · · →֒ E1 →֒ E0.
(b) There is no infinite sequence of strict epimorphisms in A
(10.5.2) E0 ։ E1 ։ · · ·։ En ։ · · · .
(2) For A = B1,1/2 ∩ B◦1:
(a) There is no infinite sequence of strict monomorphisms (10.5.1) in A.
(b) There is no infinite sequence of strict epimorphisms (10.5.2) in A.
(3) For A = B◦1,1/2:
(a) There is no infinite sequence of strict monomorphisms (10.5.1) in A.
(b) There is no infinite sequence of strict epimorphisms (10.5.2) in A.
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Even though the outline of the proof of Proposition 10.5 is the same as that of Proposition 7.4 and
[20, Proposition 6.3], we still include the complete argument for clarity.
10.5.3. In the proof below, if A is a coherent sheaf on X and the support of A has codimension c in
X , we write A∗ to denote Extc(A,OX). We say a sheaf A is reflexive if A ∼= A
∗∗. (This is similar to,
but not the same as, the definition of reflexivity for a sheaf in [14, 1.1.7, 1.1.9].)
Proof. For the proofs of part (a)’s, we will let Gi denote the cokernel of Ei+1 →֒ Ei, so that we have a
B(p)lp∗D-short exact sequence
(10.5.4) 0→ Ei+1
βi
→ Ei → Gi → 0.
For the proofs of part (b)’s, we will let Ki denote the kernel of Ei ։ Ei+1, so that we have a B(p)
l
p∗D-
short exact sequence
(10.5.5) 0→ Ki → Ei → Ei+1 → 0.
Since (p∗HB)ch
p∗D
2 ≥ 0 on B(p)
l
p∗D by 8.8(iv), in the proof of either a part (a) or a part (b) we can
always assume (p∗HB)ch
p∗D
2 (Ei) is constant, and that (p
∗HB)ch
p∗D
2 (Gi) = 0 or (p
∗HB)ch
p∗D
2 (Ki) = 0
for all i. Note that this further implies (p∗HB)ch
p∗D
2 (H
j(Gi)) = 0 = (p
∗HB)ch
p∗D
2 (H
j(Ki)) for all i, j.
(1)(a) We have the exact sequence of sheaves
0→ H−1(Ei+1)→ H
−1(Ei)
γi
→ H−1(Gi)→ H
0(Ei+1)
from (10.5.4). Fix any ample class ω˜ onX . Then ω˜2ch1(H
−1(A)) is nonnegative for any A ∈ B(p)lp∗D,
and so ω˜2ch1(H
−1(Ei)) is an decreasing sequence of nonnegative numbers that must eventually be-
come constant. Therefore, by omitting a finite number of terms if necessary, we can assume that
ω˜2ch1(H
−1(Ei)) is constant while ω˜
2ch1(im γi) = 0 for all i. Since im γi ∈ F(p)
l
p∗D, it must be zero
by 8.8(ii). That is, the H−1(Ei) are constant and γi = 0 for all i. Since H
0(Ei+1) is a fiber sheaf from
the definition of B1, we also obtain H
−1(Gi) = 0, i.e. Gi = H
0(Gi) is a fiber sheaf.
For any A ∈ B1, we also have (p
∗HB)ch
p∗D
2 (A) = 0; moreover, sinceH
−1(A) ∈ F(p)l,0p∗D andH
0(A)
is a fiber sheaf, we have (Θ+mp∗HB)ch
p∗D
2 (A) = Θch
p∗D
2 (A) ≥ 0 by Lemma 8.5(1)(c). Therefore, by
omitting a finite number of terms, we can further assume Θchp
∗D
2 (Ei) is constant and Θch
p∗D
2 (Gi) = 0
for all i. Since we know each Gi is a fiber sheaf from the previous paragraph, we can now conclude
each Gi is a sheaf supported in dimension 0.
Consider the second half of the long exact sequence of cohomology of (10.5.4)
0→ H0(Ei+1)→ H
0(Ei)→ H
0(Gi)→ 0.
From the definition of B1, we have ch
p∗D
3 (H
0(A)) = ch3(H
0(A)) ≥ 0 for any A ∈ B1. Hence
ch3(H
0(Ei)) eventually becomes constant, in which case ch3(H
0(Gi)) = 0, i.e. Gi = 0, i.e. the H
0(Ei)
stabilise. Overall, the Chern characters of the Ei stabilise; given the short exact sequence (10.5.4),
we obtain that the Ei stabilise.
(1)(b) From the long exact sequence of cohomology of (10.5.5), the H0(Ei) eventually stabilise,
so we can assume the H0(Ei) are constant. The remainder of the long exact sequence looks like
(10.5.6) 0→ H−1(Ki)→ H
−1(Ei)→ H
−1(Ei+1)→ H
0(Ki)→ 0.
As we saw in (1)(a), for any fixed ample class ω˜ on X we have ω˜2chp
∗D
1 ≤ 0 on B1; besides, the same
argument as in (1)(a) shows we can assume ω˜2chp
∗D
1 (Ei) is constant and ω˜
2chp
∗D
1 (H
−1(Ki)) = 0,
which forces H−1(Ki) = 0. This means Ki = H
0(Ki) is a fiber sheaf. We also know Θch
p∗D
2 ≥ 0 on
B1 from (1)(a), allowing us to assume Θch2(Ei) is constant and Θch2(Ki) = 0, i.e. Ki ∈ Coh
≤0(X)
for all i. The exact sequence (10.5.6) then gives
(10.5.7) H−1(Ei) →֒ H
−1(Ei+1) →֒ H
−1(Ei)
∗∗
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where H−1(Ei)
∗∗ is independent of i since each H−1(Ei) is pure 2-dimensional while H
0(Ki) is 0-
dimensional. Since Coh(X) is a noetherian abelian category, the H−1(Ei) must stabilise, and the Ei
themselves stabilise.
(2)(a) Since we can assume (p∗HB)ch
p∗D
2 H
j(Gi) = 0 for all i, j, we have H
−1(Gi) ∈ F(p)
l,0
p∗D
for all i, and H0(Gi) must have no subfactors in ∗+ ∗ or
+ ∗
+ ∗
, or else (p∗HB)ch
p∗D
2 (H
0(Gi)) would
be positive by Lemmas 5.4 and 6.1.1. Also, since βi is a strict injection in B1,1/2 ∩ B
◦
1 , we have
Hom(F(p)l,0p∗D[1], Gi) = 0 for all i, which implies H
−1(Gi) = 0. Thus Gi = H
0(Gi) lies in
+
+
+
+
0
, i.e.
Gi is a fiber sheaf where all the µω-HN factors have µω ≥ 0. By the vanishing Hom(B1, Gi) = 0, we
know the only µω-HN factors of Gi have µω = 0, i.e. Gi is µω-semistable with µω = 0, i.e. Gi ∈
+
0
.
That H−1(Gi) = 0 for all i also implies that the H
−1(Ei) are constant. The latter part of the long
exact sequence of cohomology of (10.5.4) now reads
(10.5.8) 0→ H0(Ei+1)→ H
0(Ei)→ H
0(Gi)→ 0.
Applying Φ̂ to this short exact sequence and taking cohomology, while noting Φ̂0Gi = 0 for all i, we
see that Φ̂0(H0(Ei)) is constant and we have the short exact sequence of sheaves
0→ Φ̂1(H0(Ei+1))→ Φ̂
1(H0(Ei))→ Φ̂
1(H0(Gi))→ 0.
By Lemma 10.6 below, the Φ̂1(H0(Ei))must stabilise. Since both Φ̂
0(H0(Ei)), Φ̂
1(H0(Ei)) stabilise, it
follows ch(H0(Ei)) stabilises. Then from the exact sequence (10.5.8), we know the H
0(Ei) stabilise.
Thus the Ei themselves also stabilise.
(2)(b) As in (1)(b), we can assume that the H0(Ei) are constant. The argument for Gi in (2)(a)
also applies to Ki here, giving us Ki ∈ +0 for all i. Part of the long exact sequence of cohomology
of (10.5.5) reads
0→ H−1(Ei)→ H
−1(Ei+1)→ H
0(Ki)→ 0
where all the terms are Φ̂-WIT1, and where the last term is zero because the H
0(Ei) are constant.
Thus Φ̂ takes this short exact sequence to the short exact sequence
0→ ̂H−1(Ei)→ ̂H−1(Ei+1)→ Ĥ0(Ki)→ 0
where Ĥ0(Ki) ∈ Coh
≤0(X). By Lemma 10.7 below, the ̂H−1(Ei) are pure 2-dimensional sheaves,
and we have inclusions in Coh(X)
̂H−1(Ei) →֒ ̂H−1(Ei+1) →֒ ( ̂H−1(Ei))
∗∗,
where ( ̂H−1(Ei))∗∗ does not depend on i since Ĥ0(Ki) is supported in dimension 0. As a result, the
̂H−1(Ei) stabilise, meaning the H−1(Ei) stabilise. Overall, the Ei stabilise.
(3)(a) Since F(p)lp∗D[1] is entirely contained in B1,1/2, the cohomology H
−1(Ei), H
−1(Gi) must
vanish for all i, i.e. the B(p)lp∗D-short exact sequence (10.5.4) is also a short exact sequence of sheaves
in Coh(p). Therefore, for any fixed ample class ω˜ on X , we have ω˜2chp
∗D
1 ≥ 0 for all Ei, Gi, and we
can assume ω˜2ch1(Ei) is constant while ω˜
2chp
∗D
1 (Gi) = 0 for all i.
Since W0,Φ̂ ∩ Coh(p) ⊂ B1,1/2 from 10.2.1, the sheaves Ei, Gi must be Φ̂-WIT1, i.e. they lie in
W1,Φ̂ ∩ T (p)
l
p∗D. From 9.2.1 we know (p
∗HB)ch
p∗D
2 = 0 for all Ei, Gi. Also, the decomposition
for Gi in 9.2.2 and the observation ω˜
2chp
∗D
1 (Gi) = 0 from the previous paragraph together imply
that the T (p)l,0p∗D-component of each Gi must be zero, i.e. each Gi is a fiber sheaf. Moreover, since
+
0
⊂ B1,1/2, all the µω-HN factors of Gi must have µω < 0, i.e. Gi ∈
+
−
.
The short exact sequence of sheaves (10.5.4) is then taken by Φ̂ to the short exact sequence
(10.5.9) 0→ Êi+1 → Êi → Ĝi → 0.
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From the last paragraph, we know the Ĝi lie in ++ . As for the Ei, if Ei is supported in dimension at
most 1, then it is a fiber sheaf since it is Φ̂-WIT1, in which case Êi is also a fiber sheaf; ifEi is supported
in dimension 2, then the argument in 9.2.3 shows that Êi ∈ Coh
≤1(X). Hence Êi ∈ Coh
≤1(X) for all
i. It follows that ω˜ch2 ≥ 0 for all the terms in (10.5.9), and by omitting a finite number of terms, we
can assume ω˜ch2(Ei) is constant while ω˜ch2(Ĝi) = 0 for all i. This forces Gi = 0 for all i, i.e. the Ei
stabilise.
(3)(b) By the same argument as in (3)(a), the objects Ei,Ki lie in W1,Φ̂ ∩ T (p)
l
p∗D for all i, and
(10.5.5) is also a short exact sequence of coherent sheaves. Since Coh(X) is a noetherian abelian
category, the Ei eventually stabilise. ■
Lemma 10.6. Let A ∈ B1,1/2 and let A1 denote the Φ̂-WIT1 component of H0(A). Then Φ̂A1[1] ∈
Coh≤0(X).
Proof. Take any A ∈ B(p)lp∗D and let A1 denote the Φ̂-WIT1 component ofH
0(A). Then A1 is precisely
the Φ̂-WIT1 component of A itself. Now, the property
Φ̂1A ∈ Coh≤0(X)
is preserved under extension for objects A in B(p)lp∗D. Since this property is satisfied for all objects in
the categories that generate B1,1/2 via extension, it is satisfied for all objects in B1,1/2. ■
Lemma 10.7. Suppose E ∈ B◦1 = {F ∈ B(p)
l
p∗D : Hom(B1, F ) = 0}. Then H
−1(E) is reflexive and
Ĥ−1(E) is a pure 2-dimensional sheaf.
Proof. Take any E ∈ B◦1 . We knowH
−1(E) is a pure 2-dimensional sheaf from 8.8(ii), and so we have
a short exact sequence
0→ H−1(E)→ H−1(E)∗∗ → Q→ 0
for some Q ∈ Coh≤0(X). Since Q is supported in dimension 0 and H−1(E) lies in F(p)lp∗D, from
the characterisation of F(p)lp∗D in Lemma 8.5(1)(a) we can conclude H
−1(E)∗∗ also lies in F(p)lp∗D.
Hence we have a B(p)lp∗D-short exact sequence
0→ Q→ H−1(E)[1]→ H−1(E)∗∗ → 0.
The assumption E ∈ B◦1 then implies Q = 0, i.e. H
−1(E) is reflexive.
To prove the second claim in the lemma, suppose Ĥ−1(E) has a subsheaf T in Coh≤1(X). Let Ti
denote the Φ-WITi part of T . The composite morphism T0 →֒ T →֒ Ĥ−1(E) (the cokernel of which
is also Φ-WIT0) is then taken by Φ to an injection of sheaves T̂0 →֒ H
−1(E). This means T̂0 is a pure
2-dimensional sheaf and lies in F(p)l,−p∗D since H
−1(E) is so. Thus (p∗HB)ch
p∗D
2 (T̂0) < 0, which in
turn implies ω˜2chp
∗D
1 (T0) > 0 for any ample class ω˜ onX , i.e. T0 is supported in dimension 2, which is
impossible unless T0 = 0. Hence T = T1 is a fiber sheaf, and the inclusion T →֒ Ĥ−1(E) corresponds
to an element in
Hom(T, Ĥ−1(E)) ∼= Hom(T̂ [−1], H−1(E)) ∼= Hom(T̂ , H−1(E)[1]),
which must vanish because T̂ , being a Φ̂-WIT0 fiber sheaf, lies in 〈 + ,
+
+
〉 ⊂ B1 whileH
−1(E)[1] ∈
B◦1 . Hence T = 0, i.e. Ĥ
−1(E) is pure 2-dimensional. ■
Let us now write
B1/2 = B1,1/2 ∩ B
◦
1
B0 = B
◦
1,1/2
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so that the torsion triple (10.4.1) in B(p)lp∗D can be rewritten as
(10.7.1) (B1,B1/2,B0).
Lemma 10.8. For i = 1, 12 , 0 and any F ∈ Bi, we have φ(F )→ i.
Proof. For i = 1, the claim follows from the computations in 10.1.
For i = 12 , there are two cases:
• If (p∗HB)ch
p∗D
2 (F ) > 0, then φ(F )→
1
2 .
• If (p∗HB)ch
p∗D
2 (F ) = 0, then the argument in the proof of Proposition 10.5(2)(a) gives us
H−1(F ) = 0 and H0(F ) ∈ +
0
. We then have φ(F )→ 12 by 10.1(2.2.2).
For i = 0, the argument in the proof of Proposition 10.5(3)(a) gives us F ∈ W1,Φ̂ ∩ T (p)
l
p∗D. By
9.2.2, we have a filtration F0 ⊆ F1 = F in Coh(X) where F0 ∈ Coh
≤1(X) and F1/F0 ∈ T (p)
l,0
p∗D.
Note that F0 is a fiber sheaf since it is Φ̂-WIT1; that F ∈ B
◦
1,1/2 then implies F0 ∈
+
−
. Overall, we
have φ(F )→ 0 from the computations in 10.1. ■
Lemma 10.9. An object F ∈ B(p)lp∗D is Z
l
p∗D-semistable iff, for some i = 1,
1
2 or 0, we have:
• E ∈ Bi;
• for any strict monomorphism 0 6= E′ →֒ E in Bi, we have φ(E′)  φ(E).
Proof. Given Lemma 10.8, the proof of [20, Lemma 6.6] carries over without change. ■
Theorem 10.10. The Harder-Narasimhan property holds for Z lp∗D-stability on B(p)
l
p∗D. That is, every
object F ∈ B(p)lp∗D admits a filtration in B(p)
l
p∗D
F0 ⊆ F1 ⊆ · · · ⊆ Fn = F
where each Fi/Fi+1 is Z lp∗D-semistable, and φ(Fi/Fi−1) ≻ φ(Fi+1/Fi) for each i.
Proof. Using the torsion triple (10.7.1) and the finiteness properties in Proposition 10.5, along with
Lemma 10.9, the argument in the proof of [20, Theorem 6.7] applies. ■
11. FOURIER-MUKAI TRANSFORMS OF STABLE 1-DIMENSIONAL SHEAVES AS BRIDGELAND STABLE
OBJECTS
In this section, we construct a triangulated subcategory Dbp,0(X) of D
b
p(X), which in turn is a
triangulated subcategory of Db(X). We then show in Corollary 11.11 that, when h = 0 (i.e. when B
is numerically K-trivial), 1-dimensional stable sheaves with positive chp
∗D
3 on X correspond to stable
objects with respect to a Bridgeland stability condition onDbp,0(X) via the Fourier-Mukai transform Φ.
This gives an alternative to Theorem 9.7 in describing the Fourier-Mukai transforms of 1-dimensional
stable sheaves on a Weierstraß threefold.
Recall from 8.1 that
Dbp(X) = {F ∈ D
b(X) : Hi(F ) ∈ Coh(p) for all i}
is a triangulated subcategory ofDb(X), that B(p)lp∗D is the heart of a t-structure on D
b
p(X) by Lemma
8.9, and that
B(p)lp∗D,0 = {F ∈ B(p)
l
p∗D : (p
∗HB)ch
p∗D
2 (F ) = 0}
is a Serre subcategory of B(p)lp∗D from 8.8(iv).
11.1. Suppose T is a triangulated category, that C is the heart of a bounded t-structure on T , and that
C0 is a Serre subcategory of C. Consider the full subcategory of T
T0 = {F ∈ T : H
i
C(F ) ∈ C0 for all i}.
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Since C0 is Serre subcategory of C, it follows that T0 is closed under taking the mapping cone and the
shift functor [1] in T . That is, T0 is a triangulated subcategory of T . Furthermore, we have
Lemma 11.2. C0 is the heart of a bounded t-structure on T0.
Proof. From the definition of T0, every object E in T0 has a finite filtration by exact triangles in T
0 // Em //
}}④④
④④
④④
④④
Em+1 //
zz✈✈
✈✈
✈✈
✈✈
✈
· · · // En−1 // En = E
{{✇✇
✇✇
✇✇
✇✇
✇
Cm
[1]
__❅❅❅❅❅❅❅❅
Cm+1
[1]
bb❋❋❋❋❋❋❋❋❋
Cn
[1]
bb❊❊❊❊❊❊❊❊
where Ci ∈ C0[−i] form ≤ i ≤ n, for somem ≤ n. Note that Em ∼= Cm, and so all the Ei lie in T0, i.e.
the above filtration is also a filtration by exact triangles in T0. Since C0 is contained in C, which is the
heart of a t-structure on T , we have the vanishing HomT (C0, C0[i]) = 0 for all i < 0. Hence C0 is the
heart of a bounded t-structure on T0. ■
11.3. A triangulated subcategory containing images of 1-dimensional sheaves. Let us define the
full subcategory of Db(X)
Dbp,0(X) = {F ∈ D
b
p(X) : H
i
B(p)l
p∗D
(F ) ∈ B(p)lp∗D,0 for all i}.
Since B(p)lp∗D,0 is a Serre subcategory of B(p)
l
p∗D, we know D
b
p,0(X) is a triangulated subcategory of
Dbp(X) from 11.1. Furthermore, Lemma 11.2 specialises to
Corollary 11.4. B(p)lp∗D,0 is the heart of a bounded t-structure on the triangulated category D
b
p,0(X).
11.5. A decomposition of objects in B(p)lp∗D,0. Take any F ∈ B(p)
l
p∗D,0. From 8.8(iv), we know
(p∗HB)ch
p∗D
2 (H
−1(F )) and (p∗HB)ch
p∗D
2 (H
0(F )) are both zero. Hence H−1(F ) ∈ F(p)l,0p∗D, while
H0(F ) is the extension of a sheaf A1 in T (p)
l,0
p∗D by a fiber sheaf A0 by 9.2.2. Observe the following:
(a) Suppose M ∈ F(p)l,0p∗D and ch(M) =
(
0 p∗S af
0 Θp∗η s
)
. Since M is a Φ̂-WIT1 sheaf by 8.8(v), the
divisor class p∗η on X must be effective. Then by Corollary 4.2, we have η = 0.
(b) Suppose M ∈ T (p)l,0p∗D and that ch(M) is as in (a). By Lemma 8.10 and the same argument
as in (a), we have η = 0 again.
Overall, we see that any object in B(p)lp∗D,0 has Chern character of the form (
0 ∗ ∗
0 0 ∗ ).
Lemma 11.6. Let ω be an ample class on X of the form (8.3.4). For any nonzero object F ∈ B(p)lp∗D,0,
we have Zω,p∗D(F ) ∈ H.
Proof. By hypothesis, we have ω = uΘ + vp∗HB where u, v > 0. Take any F ∈ B(p)lp∗D,0. By the
decomposition in 11.5, it suffices to prove the lemma for the following three possibilities of nonzero
F : (i) F ∈ F l,0p∗D[1], (ii) F ∈ T (p)
l,0
p∗D, and (iii) F is a fiber sheaf. Case (i) follows from 8.12(4),
while case (ii) follows from 8.12(3.2). For case (iii), we have ℑZω,p∗D(F ) = ωch
p∗D
2 (F ) > 0 if F is
supported in dimension 1, while Zω,p∗D(F ) = −ch3(F ) ∈ R<0 if F is supported in dimension 0.
■
11.6.1. By Lemma 11.6, for every nonzero object F ∈ B(p)lp∗D,0 there exists a real number φ(F ) ∈
(0, 1] satisfying
Zω,p∗D(F ) ∈ R>0e
ipiφ(F ).
This gives us a notion of Zω,p∗D-stability on B(p)
l
p∗D,0, where we say an object F in B(p)
l
p∗D,0 is
Zω,p∗D-(semi)stable if, for every B(p)
l
p∗D,0-short exact sequence
0→M → F → N → 0
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whereM,N 6= 0, we have φ(M) < (≤)φ(N).
Proposition 11.7. For any ample class ω on X of the form (8.3.4), the pair (B(p)lp∗D,0, Zω,p∗D) is a
Bridgeland stability condition on Dbp,0(X).
Proof. Take any nonzero object F ∈ B(p)lp∗D,0. Consider the Z
l
p∗D-HN filtration of F in B(p)
l
p∗D
F0 ⊆ F1 ⊆ · · · ⊆ Fm = F.
Since B(p)lp∗D,0 is a Serre subcategory of B(p)
l
p∗D, all the subfactors Fi+1/Fi lie in B(p)
l
p∗D,0. From
11.6.1, we know Z lp∗D-stability restricts to Zω,p∗D-stability on the abelian category B(p)
l
p∗D,0, and so
all the subfactors Fi+1/Fi are Zω,p∗D-semistable. This filtration, together with Corollary 11.4 and
Lemma 11.6, shows that (B(p)lp∗D,0, Zω,p∗D) is a Bridgeland stability condition on D
b
p,0(X). ■
Lemma 11.8. Suppose F ∈ B(p)lp∗D,0 is Zω,p∗D-(semi)stable for u > 0, v ≫ 0 along the curve (8.3.5).
Then F is Z lp∗D-(semi)stable.
Proof. The proof of [20, Lemma 7.1] also applies here. ■
Lemma 11.9. Suppose h = 0 and F ∈ B(p)lp∗D,0. Then F is Zω,p∗D-(semi)stable if and only if it is
Z lp∗D-(semi)stable.
The condition h = 0 is satisfied when B is a numerically K-trivial surface, such as when B is an
Enriques or a K3 surface.
Proof. Given any B(p)lp∗D-short exact sequence of the form
0→M → F → N → 0
where M,N 6= 0, the objects M,N must lie in B(p)lp∗D,0. From 11.5, every object A in B(p)
l
p∗D,0 has
Chern character of the form ch(A) =
(
0 p∗S af
0 0 s
)
. Keeping in mind that h = 0, we have from (8.12.1)
Zω,p∗D(A) = −s+ uvΘp
∗(HBS) + iu(a−DS).
Under the assumption h = 0, the constraint (8.3.5) reduces to z/y = uv, which is constant since
y, z are fixed positive real numbers. Since rescaling the imaginary part of Zω,p∗D by a positive real
number does not alter Zω,p∗D-stability, we see that Zω,p∗D-stability is independent of u and v. That is,
φ(M) < (resp. ≤)φ(N) if and only if φ(M) ≺ (resp. )φ(N). The lemma thus follows. ■
Remark 11.10. Suppose ch is a Chern character of the objects on the right-hand side of the equiv-
alence in Theorem 9.7. Informally, we can think that as h approaches zero, the walls for Chern
character ch with respect to Zω,p∗D-stability eventually vanish, and at h = 0, only one chamber on the
(v, u)-plane (where v, u > 0) is left.
The special case of Theorem 9.7 when h = 0 can now be restated as follows:
Corollary 11.11. Suppose h = 0 and that ω is an ample divisor on X of the form (8.3.4). The
Fourier-Mukai transform Φ : Db(X) ∼→ Db(X) induces an equivalence of categories
{E ∈ Coh(p) : E is µω,p∗D-stable, ch
p∗D(E) =
(
0 0 af
0 Θp∗η s
)
where p∗η 6= 0, a ≥ 0, s > 0} Φ→
∼
{F ∈ B(p)lp∗D,0 : F is Zω,p∗D-stable, ch
p∗D(F ) =
(
0 p∗S˜ a˜f
0 0 s˜
)
where p∗S˜ 6= 0 is effective, a˜ > 0, s˜ ≤ 0}.
Proof. For any object E in the category on the left-hand side, we have (p∗HB)ch
p∗D
2 (ΦE) = 0 and so
ΦE ∈ B(p)lp∗D,0. The rest of the corollary follows from Theorem 9.7 and Lemma 11.9. ■
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